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1 Introduction

A fundamental goal of the theory of Schubert varieties is a thorough understanding of
the singularities. A �rst step is the description of the singular locus. A follow up is the
construction of resolutions. A well known class of desingularizations of Schubert varieties,
�rst introduced in [BS58], are the Bott-Samelson resolutions. They were extensively
studied by Demazure in [Dem74] which included a description of their Chow ring and
their canonical divisor. Zelivinsky constructed small resolutions in the case of Schubert
varieties in Grassmannians and used them to compute Kazdhan-Lusztig polynomials (see
[Zel83]).

De�nition 1.1. A projective birational morphism of varieties π : Y → X is called
IH-small (resp. IH-semismall) if for all k > 0 the following inequality holds.

codimX{x ∈ X | dimπ−1(x) = k} > 2k (resp. ≥ 2k)

In addition, if Y is smooth, then π is called an IH-small (resp. IH-semismall) resolution.

Sankaran and Vanchinathan obtained similar results in Lagrangian and maximal isotropic
Grassmannians in [SV94] and [SV95]. As it turns out, Bott-Samelson resolutions are
generally not small.

Many classical results on Schubert varieties in Grassmannians can be generalized onto
minuscule or cominuscule Schubert varieties (see De�nition 5.1). Brion and Polo describe
the singular locus of any Schubert variety in the (co)minuscule case in [BP99]. In [Per07]
Perrin gives a complete classi�cation of all small resolutions of minuscule Schubert va-
rieties over C. We use his techniques to classify all small resolutions of cominuscule
Schubert varieties which are not minuscule over C. This only includes semisimple groups
with root system Bn or Cn. The construction itself will work over any algebraically
closed �eld. Therefore, the result includes the small resolutions in maximal isotropic
Grassmannians of [SV94].

In order to handle the occurring combinatorics in the Weyl group we introduce a quiver
for each reduced expression (see Section 3.3). Due to a result in [Ste96], every reduced
expression of a (co)minuscule element is unique up to commuting relations. That will
imply that there is a unique quiver associated to each cominuscule Schubert variety.
Moreover, there is an explicit combinatorial description of the quivers of (co)minuscule
elements (see Lemma 5.5). That gives us a very concrete object to work with. We de�ne
a partial ordering on the vertices of the quiver, call the maximal elements peaks and
assign each vertex a value we call the height.
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1 Introduction

Constructing small resolutions for cominuscule Schubert varieties XP (w) will be done
by de�ning intermediate resolutions through which the Bott-Samelson resolution factors.
An ordering of the peaks, or in some cases of the peaks and one additional vertex, yields
a birational projective map π̂ : X̂(w) → XP (w). The variety X̂(w) is generally not
smooth, but always locally Q-factorial with only terminal singularities. We introduce
speci�c orderings that are called neat and kind of neat. The following theorem holds
over any algebraically closed.

Theorem 1.2. Let XP (w) be a cominuscule Schubert variety. Then π̂ : X̂(w)→ XP (w)
is a small resolution if X̂(w) is smooth and obtained from a neat ordering.

This is proven by a direct computation. Moreover, we show that this already describes
all possible small resolution over C. This can be done using a connection to the relative
minimal model program. We use a result from Totaro in [Tot00]. Using a key result of
[Wis91] he proves the following proposition.

Proposition 1.3. Let π : Y → X be an IH-small resolution. Then Y is a relative

minimal model of X.

A relative minimal model of a variety X is a normal variety X̂ with a proper morphism
X̂ → X which is locally Q-factorial with only terminal singularities and a canonical
divisor that is relatively nef. We refer to [Mat02] for more information on the minimal
model program.

The description of the Chow ring and the canonical divisor of the Bott-Samelson variety
by Demazure in [Dem74] enables us to compute these objects for Schubert varieties and
intermediate resolutions. Those are needed to use the minimal model program to classify
all relative minimal models of cominuscule Schubert varieties.

Theorem 1.4. Let XP (w) be a cominuscule Schubert variety. The relative minimal

models of XP (w) birational to XP (w) are exactly the varieties X̂(ŵ) obtained from a

kind of neat ordering.

We proof that existence and termination of �ops holds for our varieties by a direct
computation. Therefore, we do not need to use any recent progresses on the minimal
model program. It can be directly checked that intermediate resolutions coming from a
kind of neat, but not neat ordering, are not small. To summarize we get the following
main theorem of this thesis.

Theorem 1.5. Let XP (w) be a cominuscule Schubert variety over C. Then the map

π̂ : X̂(w) → XP (w) is a small resolution if and only if X̂(w) is smooth and obtained

from a neat ordering.
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2 Notation

Let G be a simply connected semisimple algebraic group over an algebraically closed
�eld k. By T we denote a maximal torus in G and B is a Borel subgroup containing T .
Furthermore, W shall be the Weyl group of G and R the set of all roots, while S is a set
of simple roots corresponding to (B, T ). We denote the set of positive roots by R+, while
R− is the set of negative roots. Moreover, l is the length function on W corresponding
to S. For each element α ∈ R we have the corresponding root subgroup Uα ⊂ G. For
a scheme X over k we write A∗(X) for the Chow group. If X is a non singular variety
(separated, integral and of �nite type over k), A∗(X) will denote the Chow ring.

3



3 Geometry of G/P

3.1 Schubert Varieties

We are going to introduce some speci�c parabolic subgroups. In order to do this, we
need to recall some well known facts about parabolic subgroups and Schubert varieties.
If P is a parabolic subgroup of G containing B, let ΣG(P ) be the set of all simple roots
α such that U−α 6⊆ P . Most of the time we will simply write Σ(P ) if there's no chance
for confusion.

Fact 3.1 ([Bou68]). The map

Σ : {P | B ⊆ P is a subgroup of G} → P(S)

is a bijection.

Proof. This is just a reformulation of [Bou68] Theorem IV.�2.5.3.

Notice, that we explicitly have the equality Σ(P ) = S\{α ∈ S| BsαB ⊆ P}.

The Weyl group of (P, T ) is WP = 〈sα | α ∈ S\Σ(P )〉. Let RP (resp. R+
P , R

−
P ) denote

the root subset of R (resp. R+, R−) spanned by the simple roots in S\Σ(P ). For an
element w ∈ W we denote the Schubert variety BwP/P by XP (w). In view of the
following fact W/WP parametrizes the Schubert varieties in G/P .

Fact 3.2 (Bruhat decomposition modulo P ). The group G can be decomposed as the

disjoint union

G =
⋃

w∈W/WP

BwP.

Proof. This follows easily from [Bou68] Theorem IV.�2.5.3 and Lemma IV.�2.1.1.

De�nition 3.3. Let w ∈W .

(i) We de�ne lP (w) to be the length of some representative of minimal length of
w ∈W/WP .

4



3 Geometry of G/P

(ii) Let RP (w) be the following set

RP (w) := {β ∈ R+| w−1(β) ∈ R−\R−P }.

Moreover, we de�ne NP (w) = #RP (w).

The next statement is based on [LMS74] Proposition 1.4. It establishes the basic prop-
erties of NP (w).

Lemma 3.4. Let v, w ∈W and α ∈ S.

(i) We have

NP (sαw) =


NP (w)− 1 ,if w−1(α) ∈ R−\R−P
NP (w) + 1 ,if w−1(α) ∈ R+\R+

P

NP (w) ,if w−1(α) ∈ RP
.

(ii) The inequality lP (sαw) ≥ lP (w)− 1 holds.

(iii) We have the equality NP (w) = lP (w).

(iv) The inequality l(wsα) < l(w) holds if and only if w(α) ∈ R−.

Proof. (i) Due to α being simple, the re�ection sα induces a bijection between R+ and
(R+ ∪{−α})\{α}. Therefore, RP (w)\{α} is in bijection with (not necessary equal
to) RP (sαw)\{α}. Furthermore, we have

α ∈ RP (w)⇒ α /∈ RP (sαw).

The �rst part of the lemma follows now directly from the de�nition of NP (w).

(ii) Without loss of generality we may assume w to be a representative of minimal
length modulo WP . Assume that the inequality lP (sαw) < l(w) − 1 holds. Then
there is an element x ∈ WP such that l(sαwx) < l(w) − 1. That implies the
inequalities

l(wx) ≤ 1 + l(sαwx) < l(w).

That contradicts the minimality of w.

(iii) Notice, that NP (w) and lP (w) are well de�ned modulo WP . Indeed, this follows
directly from the de�nitions. Therefore, we may assume lP (w) = l(w) throughout
the whole proof. That means w is a representative of minimal length of a class
modulo WP .

First of all we are going to prove NP (w) ≤ lP (w) by induction on lP (w). If the
equality lP (w) = 0 holds, then we get w = 1 and NP (w) = 0. Let w = sα1 . . . sαn
be a reduced expression of w. That means lP (sα1w) ≤ lP (w)− 1. Using induction
yields

NP (w) ≤ NP (sα1w) + 1 ≤ lP (sα1w) + 1 ≤ lP (w).

5



3 Geometry of G/P

Next we prove NP (w) ≥ lP (w) by induction on NP (w). For the case NP (w) = 0
we will prove by induction on NB(w) that w ∈ WP . Let the equality NB(w) = 0
hold. It is known that the Weyl group acts simply transitive on the set of bases.
Therefore, if w 6= 1 holds there would be a root β ∈ S with w−1(β) ∈ R−. But
due to NB(w) = 0 we get w = 1. Assume NB(w) > 0. Together with NP (w) = 0
this shows the existence of a root β ∈ S with w−1(β) ∈ R−P . Therefore, using the
�rst part of the lemma we get NB(sβw) = NB(w)− 1 and NP (sβw) = NP (w) = 0.
By induction sβw ∈ WP . This implies −β = (sβw)w−1(β) ∈ RP . Thus we get
w = sβsβw ∈WP .

Now assume that NP (w) > 0. Let β ∈ S be a root with w−1(β) ∈ R−\R−P . Then
using the induction hypothesis and (ii) we get

NP (w) = NP (sβw) + 1

≥ lP (sβw) + 1

≥ lP (w).

(iv) We have

l(wsα) < l(w)⇔ l(sαw
−1) < l(w−1)

⇔ NB(sαw
−1) < NB(w−1)

⇔ w(α) ∈ R−.

That concludes the proof.

Now we want to make a connection to the dimensions of the Schubert varieties.

Lemma 3.5 ([LMS74], Prop. 1.3). Let w ∈W . The Schubert cell BwP/P is isomorphic

to
∏
α∈RP (w) Uα as varieties. In particular, dimXP (w) = NP (w).

Proof. Let e = P/P ∈ G/P . Then BwP/P is the B-orbit of we. But this is also the
U orbit of we, where U is the maximal unipotent subgroup in B. The stabilizer of we
under the action of G is wPw−1. Therefore, the stabilizer of we under the action of
U is U ∩ wPw−1. This subgroup of U is generated by the one dimensional unipotent
subgroups Uα, where

α ∈ {β ∈ R+| w−1(β) ∈ R+ ∪R−P }.

This set is the complement of RP (w) in R+. Thus, the lemma follows from the fact, that
U is isomorphic to the product of the Uα for all α ∈ R+.

Notice, that the isomorphism is given by multiplication with we. This will be of use
in the next section. The lemma enables us to prove a very useful result about minimal
length representatives modulo WP . (see [LMS79] Lemma 1.0).
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3 Geometry of G/P

Proposition 3.6. Let w ∈W . Then the following are equivalent.

(i) w is a representative of minimal length modulo WP

(ii) l(ww′) = l(w) + l(w′) for all w′ ∈WP

(iii) l(wsα) = l(w) + 1 for all α ∈ S\Σ(P )

(iv) w(α) ∈ R+ for all α ∈ S\Σ(P )

(v) the natural morphism p : G/B → G/P maps XB(w) birationally onto XP (w)

(vi) dimXP (w) = dimXB(w)

Proof. (i) ⇒ (ii) We have the equalities

NB(w) = l(w) = lP (w) = NP (w).

Thus, w−1 maps no positive root to R−P . The element w′−1 doesn't change the sign for
roots in R\RP . Therefore, we get

l(ww′) = NB(ww′) = NB(w) +NB(w′) = l(w) + l(w′).

That (ii) implies (iii) is trivial. Furthermore, (iii) implies (iv) due to Lemma 3.4 (iv).
Moreover, (iv) implies w(R+

P ) ⊆ R+, which is equivalent to R−P ⊆ w−1(R−). Thus, the
equality RP (w) = RB(w) holds. In view of Lemma 3.5 we get (v). Again trivially (v)
implies (vi). Finally from (vi) follows

lP (w) = NP (w) = dimXP (w) = dimXB(w) = l(w),

which is the statement of (i).

Part (ii) of this proposition shows, that there is a unique representative of minimal length
in every class of W/WP .

We also have the following theorem proved for example in [BK05] Theorem 3.2.2.

Theorem 3.7. All Schubert varieties are normal.

The following theorem is due to [FMSS95] (see comments after Theorem 1).

Theorem 3.8. The Chow group of a Schubert variety is the free abelian group generated

by the Schubert subvarieties.

7



3 Geometry of G/P

3.2 Parabolic Subgroups

Having established these basic properties, we can introduce some concrete parabolic
subgroups. They will be of importance in the construction of resolutions later on.

De�nition 3.9. Let w ∈W .

(i) We de�ne Pw to be the parabolic subgroup of G given by

Σ(Pw) = {α ∈ S | l(wsα) < l(w)}.

(ii) Let Pw be the stabilizer of the Schubert variety XPw(w) = BwPw/Pw.

For concrete calculations it will often be useful to have a description via simple roots of
Pw. This and an intuitive idea of Pw is what we establish in the next proposition.

Proposition 3.10 ([Per07], p. 1259). For all w ∈W we have

(i) XPw(w) = PwwPw/P
w,

(ii) Pw is the largest parabolic subgroup of G such that the map BwB/B → BwPw/Pw

is birational,

(iii) Σ(Pw) = {α ∈ S | sαw > w for the Bruhat order in W/WPw}.

Proof. The �rst statement follows directly from the de�nition of Pw. The equivalence of
(iii) and (v) in Proposition 3.6 shows (ii).

Let α ∈ S. We always have BsαwPw ⊆ BsαBBwP
w ⊆ BsαwP

w ∪ BwPw. Therefore,
we get BsαB 6⊆ Pw if and only if BsαwPw 6⊆ BwPw, which is equivalent to sαw > w.
That proves (iii).

De�nition 3.11. Let w ∈W .

(i) We denote by Supp(w) the set of all α ∈ S such that sα appears in some reduced
expression of w.

(ii) Let ∂ Supp(w) be set of all α ∈ S\ Supp(w) such that sα does not commute with
w.

(iii) We de�ne Gw to be the smallest semisimple subgroup of G containing all the Uα
for α ∈ Supp(w).

The last proposition of this chapter shows that we may always assume the inclusion
XP (w) ⊆ Gw/P for any Schubert variety. We will use this in further constructions to
make them easier.

8



3 Geometry of G/P

Proposition 3.12 ([Per07], p. 1259). Let w ∈W .

(i) Let w̃ be a reduced expression of w. Then Supp(w) is the set of all α ∈ S such

that sα appears in w̃. That means the set Supp(w) only depends on one reduced

decomposition of w.

(ii) Let P,Q ⊆ G be parabolic subgroups containing B. Furthermore, assume that

P ⊆ Pw. Then we have an isomorphism PwQ/Q ∼= (P ∩Gw)w(Q ∩Gw)/(Q∩Gw).

(iii) We have an isomorphism XPw(w) ∼= (Pw ∩Gw)w(Pw ∩Gw)/(Pw ∩Gw).

Proof. Indeed, the relations in a Coxeter group do not change the support proving (i).
To prove (ii) notice that RQ(w) is contained in the root system generated by the support
of w. This implies

Uw :=
∏

α∈RQ(w)

Uα ⊆ Gw.

In Lemma 3.5 we have shown (PwQ)/Q ∼= (UwwQ)/Q. We even have the following
commutative diagram

Gw

·w
��

� � // G

·w
��

Uw?
_oo

∼=
��

Gw/(Q ∩Gw)
∼= // (GwQ)/Q �

�
// G/Q (UwwQ)/Q.? _oo

Indeed, the map Gw/(Q∩Gw)→ G/Q is injective. Since Gw/(Q∩Gw) is projective, the
map is also closed. It is a closed immersion, simply because Gw/(Q ∩Gw)→ (GwQ)/Q
is an isomorphism.

Using Uw ⊆ Gw we get

(PwQ)/Q ∼= (UwwQ)/Q
∼= (Uww(Q ∩Gw))/(Q ∩Gw)
∼= ((P ∩Gw)w(Q ∩Gw))/(Q ∩Gw).

Taking closures concludes the proof of (ii). The last statement is just a special case.

3.3 Quivers Associated to a Reduced Expression

We associate a quiver to each reduced expression of an element in the Weyl group. In
order to do this we need to introduce some further notation. The quiver will enable us
to translate the combinatorial problems in the Weyl group into geometric questions on
the quiver.

Let w̃ = (sβ1 , . . . , sβr) be a reduced expression of an element w ∈W .

9



3 Geometry of G/P

De�nition 3.13. Let i ∈ [1, r].

(i) We de�ne (if it exists) the successor of i to be sw̃(i) = min{j ∈ [i+1, r] | βj = βi}.

(ii) Similarly, pw̃(i) = max{j ∈ [1, r − 1] | βj = βi} is the predecessor of i (also only
if it exists).

Note, that we will usually write s(i) and p(i) if there is no chance for confusion.

De�nition 3.14. We de�ne the quiver Qw̃ with vertices given by [1, r]. There is an
arrow from i to j if 〈β∨i , βj〉 6= 0 and i < j < s(i) (or i < j if s(i) does not exists). In
addition, we give each vertex a color via the map [1, r]→ S given by i 7→ βi.

The quiver uniquely determines the reduced expression up to commuting relations. In-
deed, to get a reduced expression back from the quiver pick a vertex r, where no arrow
starts. The rightmost element of the reduced expression will be sβr . Remove r from the
quiver and proceed inductively, by multiplying the simple re�ections from the left.

In general there may be multiple reduced expressions. Later on, we will deal with a special
situation in which there is a unique reduced expression up to commuting relations for an
element w ∈ W/WP . That opens the opportunity to get a lot of information about the
Schubert variety out of the single quiver. Let us give an example.

Example 3.15. Let G be the group Sp(10) which means R = C5. We use the notation
of [Bou68]. Now w = sα2sα4sα3sα5sα4sα5 is a reduced expression modulo WP for the
parabolic subgroup P de�ned by Σ(P ) = {α5}. This is annoying to check at the moment,
so we will delay that. Later, it will be easy to verify. The corresponding quiver looks as
follows, where the coloring is given by the projection of the vertices down to the quiver
C5.

◦ ◦ ◦ ◦ ◦

◦

◦

◦ ◦

◦ ◦

<

As in this example we will always suppress the direction of the arrows.

It is not hard to check that this was the unique quiver for this element. In general, there
are elements of the Weyl group with multiple quivers as the following example will show.

Example 3.16. The following two quivers correspond to the same element in the Weyl
group corresponding to C3. They are representatives of minimal length modulo WP for
Σ(P ) = α2.

10



3 Geometry of G/P

◦ ◦ ◦

◦

◦ ◦

◦

◦

◦ ◦ ◦

◦

◦

◦

◦

◦

< <

Proposition 3.17. Let P be a maximal parabolic subgroup. Any quiver obtained from

a reduced expression of a minimal length representative of an element in W/WP is con-

nected.

Proof. Let w be a representative of minimal length of an element in W/WP . We pick
any reduced expression w̃ = (sβ1 , . . . , sβr). This implies Σ(P ) = {βr}. Assume that
the quiver of w̃ is not connected. Choose a maximal i ∈ [1, r − 1] which is not in the
same connected component as βr. Furthermore, let j > i be minimal for the property
〈β∨j , βi〉 6= 0. If βi = βj , then sβi commutes with sβk for all k ∈ [i, j] which contradicts
the reducedness of w. If βi 6= βj , there is an arrow from i to j which contradicts the
choice of i. Therefore, sβi commutes with sβk for all k ∈ [i, r]. But that is a contradiction
to w being a representative of minimal length.

11



4 The Bott-Samelson Variety

4.1 De�nition

The Bott-Samelson variety is well known to desingularize Schubert varieties. In this
section we are going to recall several of its de�nitions according to [Mag96] and [Dem74].
In the following w̃ = (sβ1 , . . . , sβr) will always be a reduced expression of an element
w ∈W .

De�nition 4.1. Let P be any parabolic subgroup of G containing B and X any variety
with a left B-action.

(i) We de�ne a right B-action on P ×X by (p, x)b := (pb, b−1x).

(ii) The induced quotient is denoted by P ×B X := (P ×X)/B.

Lemma 4.2. Let P be any parabolic subgroup of G containing B and X any variety with

a left B-action. Then the morphism P ×B X → P/B is a locally trivial �bration with

�ber X and base P/B.

Proof. Let w0 be the unique maximal element in the Weyl group of P . Then Bw0B/B
is open in P/B. By Lemma 8.3.6 (ii) in [Spr98], there is a unipotent subgroup Uw0 such
that we have an isomorphism Uw0 × B → Bw0B given by (u, b) 7→ uw0b. This yields a
commutative diagram.

Bw0B/B ×X
∼= //

''

Uw0 ×X
∼= // (Uw0 ×B)×B X

∼= // Bw0B ×B X

rr
Bw0B/B

Using the homogeneous P -action on P/B, we can cover it with open sets on all of which
P ×B X becomes trivial.

Let Y be a P -variety containingX. Then we have a well de�ned proper map P×BX → Y
given by (p, x)B 7→ px. The next de�nition iterates this construction to get the Bott-
Samelson variety.

De�nition 4.3. Let Pβi be the minimal parabolic subgroup containing B corresponding
to βi for i ∈ [1, r]. The quotient Bott-Samelson variety corresponding to w̃ is given

12



4 The Bott-Samelson Variety

by
X̃quo(w̃) := Pβ1 ×B Pβ2 ×B . . .×B Pβr/B.

We get a B-action by acting on the leftmost factor. The multiplication map

π : X̃quo(w̃)→ G/B

(p1, . . . , pl) 7→ p1p2 . . . plB

is called the Bott-Samelson resolution.

The following theorem justi�es the name of π.

Theorem 4.4. (i) The variety X̃quo(w̃) is smooth and projective.

(ii) By restricting to the image XP (w) the map π becomes birational.

Proof. (i) By the previous lemma X̃quo(w̃) is de�ned via a tower of locally trivial P1-
�brations.
(ii) This is just a simple reformulation of Lemma 8.3.6 in [Spr98].

We will also denote the induced map X̃quo(w̃)→ XP (w) for any parabolic group P by π
if the map XB(w)→ XP (w) is birational. Next we de�ne the Bott-Samelson variety as
a subvariety of a product. Let pβi : G/B → G/Pβi be the quotient morphism. It's �bers
are isomorphic to Pβi/B ∼= P1. For any x ∈ G/B we de�ne P(x, βi) to be p−1βi (pβi(x)).

De�nition 4.5. The product Bott-Samelson variety is given by

X̃prod(w̃) := {(x1, . . . , xr) ∈ (G/B)r | x0 = 1 and xi ∈ P(xi−1, βi) for all i ∈ [1, r]}.

We let B act diagonally on this variety. The map πprod : X̃prod(w̃)→ XB(w) is de�ned
to be the restriction of the projection to the last factor.

The fact that πprod really maps into XB(w) follows due to the next proposition. This
de�nition is a reformulation of what Magyar calls the �ber product Bott-Samelson variety
in [Mag96]. We are also going to restate his proof that the product and the quotient
Bott-Samelson variety are isomorphic.

Proposition 4.6 ([Mag96], Theorem 1). The map

φ :

r times︷ ︸︸ ︷
G×B . . .×B G/B → (G/B)r

(g1, . . . , gr) 7→ (g1, g1g2, . . . , g1 · · · gr)

is a G-equivariant isomorphism. It restricts to an isomorphism of B-varieties

φ′ : X̃quo(w̃)
∼=−→ X̃prod(w̃).

Moreover, πprod ◦ φ′ = π.

13



4 The Bott-Samelson Variety

Proof. Clearly, φ is well de�ned and G-equivariant. Let

ψ : (G/B)r →

r times︷ ︸︸ ︷
G×B . . .×B G/B

(h1, . . . , hr) 7→ (h1, h
−1
1 h2, h

−1
2 h3, . . . h

−1
r−1hr).

It is easy to see that ψ is the inverse of φ. Let (g1, . . . , gr) ∈ X̃quo(w̃). Due to gi ∈ Pβi we
have g1 · · · giPβi = g1 · · · gi−1Pβi for all i ∈ [1, r]. That implies g1 · · · gi ∈ P(g1 · · · gi−1, βi).
Therefore, φ′ is well de�ned. For an element (h1, . . . , hr) ∈ X̃prod(w̃) we have the equality
hiPβi = hi−1Pβi for all i ∈ [2, r]. That implies h−1i−1hi ∈ Pβi . Therefore, ψ restricts to a

map ψ′ : X̃prod(w̃)→ X̃quo(w̃). The �rst claim follows due to ψ′ and φ′ being inverse to
each other.

The statement about π simply follows by the de�nition of φ.

Because of this isomorphism, we are identifying the quotient and product Bott-Samelson
variety, just call it the Bott-Samelson variety, and denote it by X̃(w̃).

There is another version of the Bott-Samelson variety similar to the product Bott-
Samelson variety. Let P βi := P sβi be the maximal parabolic subgroup containing B
corresponding to βi for i ∈ [1, r]. For any x ∈ G/B we denote the image of P(xi−1, βi)
in G/P βi by P(xi−1, βi).

Proposition 4.7 ([Per07], Remark 2.7). There is the following isomorphism of B-
varieties.

X̃(w̃) ∼=

{
(x1, . . . , xr) ∈

r∏
i=1

G/P βi | x0 = 1 and xi ∈ P(xi−1, βi) for all i ∈ [1, r]

}
.

Proof. We regard the restriction of the projection G/B → G/P βi to P(x, βi) for some
x ∈ G/B. Because of P βi∩Pβi = B, this map is injective. Using Zariski's Main Theorem
it is actually an embedding.

In the next sections, we are going to focus on the case of XP (w), where P = P βr . In that
case, the Bott-Samelson resolution is easily seen to be the projection on the last factor.

The last de�nition of the Bott-Samelson variety we are going to examine is a variation
of the quotient Bott-Samelson variety. It was used by Demazure in [Dem74] to compute
the Chow ring of X̃(w̃). We will recall his computations in the next sections.

There are βr+1, . . . , βN ∈ S for some N ∈ N such that w̃0 = (β1, . . . βN ) is a reduced
expression of the unique longest element w0 in W . We de�ne a sequence of roots γi for
i ∈ [1, N ].

γi := sβ1 · · · sβi−1
(βi)

14



4 The Bott-Samelson Variety

Lemma 4.8 ([Bou68], p. 170, Corollary 2). The γi are exactly the positive roots of R
corresponding to S.

Proof. It is well known that #R+ = N . The lemma follows if we can prove the inclusion
R+ ⊆ {γ1, . . . , γN}.

Let α ∈ R+. Due to w−10 (α) ∈ R−, there is an i ∈ [1, n] such that sβi−1
· · · sβ1(α) ∈ R+

and sβi · · · sβ1(α) ∈ R−. Since sβi permutes R+\{βi}, we get

sβi−1
· · · sβ1(α) = βi.

That implies α = γi.

Note, that the equality sγi = sβ1 · · · sβi−1
sβisβi−1

· · · sβ1 holds. We de�ne R0 := R+ and
Ri := sγi(Ri−1) for i ∈ [1, N ].

Lemma 4.9. For all i ∈ [0, N ] the set Ri is explicitly given as follows.

Ri = {−γ1, . . . ,−γi, γi+1, . . . , γN}

This set consists of the positive roots with respect to the base sγi · · · sγ1(S). Furthermore,

for i 6= 0 the root γi is a simple root with respect to Ri−1 and −γi is a simple root with

respect to Ri.

Proof. Since the equation sγi−1 · · · sγ1(βi) = γi holds, we get the claim about simple
roots. Because γi is a simple root with respect to Ri−1, the �rst statement follows by
induction on i.

Let Bi be the Borel subgroup corresponding to Ri and Pi the minimal parabolic subgroup
corresponding to γi containing Bi and Bi−1.

Finally, we are able to formulate Demazure's de�nition of the Bott-Samelson variety. It
is given by

X̃Dem(w̃) := P1 ×B1 P2 ×B2 . . .×Br−1 Pr/Br.

Proposition 4.10. The Bott-Samelson variety X̃(w̃) is isomorphic to X̃Dem(w̃).

Proof. For all i ∈ [1, N ] we get the following facts.

sγ1 · · · sγi−1sγisγi−1 · · · sγ1 = sβi
sγ1 · · · sγi−1(Ri−1 ∪Ri) = R0 ∪ sβi(R0)

sγ1 · · · sγi−1Pisγi−1 · · · sγ1 = Pβi
sγ1 · · · sγiBisγi · · · sγ1 = B

Pisγi = Pi

15



4 The Bott-Samelson Variety

Let ni be a representative of sγi and vi = n1 · · ·ni. Putting the last three equations
together we get

X̃(w̃) = P1v1 ×(v1B1v
−1
1 ) (v1P2v

−1
2 )×(v2B2v

−1
2 ) . . .×(vr−1Br−1v

−1
r−1) (vr−1Prv

−1
r )/(vrBv

−1
r )

∼= P1 ×B1 P2 ×B2 . . .×Br−1 Pr/Br.

The isomorphism is given by

(p1, . . . , pr) 7→ (p1v
−1
1 , v−11 p2v2, . . . , v

−1
r−1prvr).

4.2 Cycles on the Bott-Samelson Variety I

The structure of the Chow ring of the Bott-Samelson variety is well understood due to
[Dem74]. In this section we are recalling Demazure's description of the Chow ring. For
more information on intersection theory we refer to [Ful98].

Let X be a variety on which B operates faithfully from the right such that X/B exists,
is smooth, projective and p : X → X/B is a locally trivial �bration with �ber B.

De�nition 4.11. For each character λ ∈ X∗(B) we de�ne an invertible sheaf by

LX(λ) := {sections of X ×B kλ → X/B}.

First of all, we need some basic properties of these sheaves.

Proposition 4.12. Let λ ∈ X∗(B).

(i) For all open subsets U ⊆ X/B we have the isomorphism

Γ(U,LX(λ)) ∼= {ϕ : p−1(U)→ k | ϕ(xb) = λ(b)−1ϕ(x) for all x ∈ X, b ∈ B} =: R.

(ii) The map X∗(B)→ Pic(X/B) de�ned by λ 7→ LX(λ) is a group homomorphism.

Proof. (i) For s ∈ Γ(U,LX(λ)) we de�ne ϕs : p−1(U)→ k via ϕs(x) = a if s(x) = (x, a).
By the de�nition of X ×B k the map ϕs is in R. If we have a map ϕ ∈ R, then
sϕ(x) = (x, ϕ(x)) de�nes an element in Γ(U,LX(λ)).
(ii) Let U ⊆ X/B be any open subset. Using the description of (i) we can de�ne a
morphism Γ(U,LX(λ)) ⊗ Γ(U,LX(µ)) → Γ(U,LX(λ + µ)) simply by multiplication for
any λ, µ ∈ X∗(B). That induces a morphism of sheaves ψ : LX(λ)⊗LX(µ)→ LX(λ+µ).
We can check locally that this is an isomorphism. Let U ⊆ X/B be an open a�ne subset
on which X → X/B becomes trivial. Then we have the isomorphism

Γ(U,LX(λ)) = {ϕ : U ×B → k | ϕ(xb) = λ(b)−1ϕ(x)}
∼= {ϕ : U → k} = Γ(U,OU ).

16



4 The Bott-Samelson Variety

The isomorphism is given by restricting to U ×{1}. Therefore, ψ is locally just the usual
multiplication isomorphism OU ⊗OU → OU .

Taking the �rst Chern class of a line bundle de�nes a map Pic(X/B) → A1(X/B).
Composing with the previous homomorphism induces a map cX : X∗(B)→ A∗(X/B).

In the case X = G for G being some semisimple simply connected linear algebraic group,
the map Pic(G/B)→ A1(G/B) is actually an isomorphism. This is for example proven
in [KKH89], Proposition 3.2. The Picard group of G/P , where P is a maximal parabolic
subgroup containing B, can be computed as follows.

Proposition 4.13. Let P be a maximal parabolic subgroup of G given by Σ(P ) = {α}
and ω the fundamental weight corresponding to α ∈ S. The simple G-representation of

highest weight ω is denoted by V (ω) and v is a highest weight vector. Then we have a

closed embedding G/P ↪→ P(V (ω)) given by g 7→ g[v]. Moreover, the ample generator

O(1) of P(V (ω)) is pulled back to LG(−ω). Therefore G/P has an ample generator.

Proof. For the �rst claim we need to show StabG([v]) = P . Note, that the equality
Σ(P ) = {β ∈ S| 〈β∨, ω〉 6= 0} holds. Let nβ be a representative of the simple re�ection
sβ for some β ∈ S. Then nβv is of weight sβ(ω). The element nβ is in the group generated
by Uβ and U−β . On the one hand, if U−β acts trivially on [v], then nβ acts trivially on
[v] and 〈β∨, ω〉 = 0 holds. On the other hand, if 〈β∨, ω〉 = 0, then U−β = n−1β Uβnβ acts
trivially on v.

The line bundle O(−1) of P(V (ω)) can be described as {([x], y)| x ∈ V (ω), y ∈ kx}.
Therefore, we need to �nd an isomorphism

G×P kω
∼=→ {(g[v], y)| g ∈ G, y ∈ kgv}.

But this is just given by (g, λ) 7→ (g[v], λgv).

Let P be a semi direct product of a unipotent connected group U and a reductive
connected group L of semisimple rank 1. Note, that any minimal parabolic subgroup P
of G is of this form. Moreover, let T be a maximal torus of L, α one of the two roots
of L with respect to T and Uα, U−α the two corresponding unipotent subgroups. Then
B = TUαU and B′ = TU−αU are the two Borel subgroups of P containing T . We de�ne
another space X ′ := X ×B P . Let f : X ′/B′ → X/B be the map induced by the �rst
projection. First of all, we need to check that X ′ ful�lls the same properties as X.

Proposition 4.14. The space X ′/B′ exists as a variety, is smooth, projective and f is

a locally trivial �bration with �ber P/B′.

Proof. Let us �rst assume that X ′/B′ is a well de�ned variety. Furthermore, U shall
be an open subset of X/B such that p−1(U) ∼= U × B. Thus, we get the isomorphism

17
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f−1(U) ∼= U×F ×BP/B′ ∼= U×P/B′. Therefore, f is a locally trivial �bration implying
smoothness. To get the existence we can de�ne X ′/B′ via this open covering. Finally,
the variety X ′/B′ is projective because P/B ∼= P1.

This setup actually describes the situation of one step in the last de�nition of the Bott-
Samelson variety in Proposition 4.10. Studying the map f will allow us to use induction.

Proposition 4.15. Let n ∈ L be a representative of the only non trivial element sα of

the Weyl group. Then σ : X/B → X ′/B′ de�ned by x 7→ (x, n) is a well de�ned section

of f .

Proof. This follows from n−1Bn = B′.

At this point we establish a connection between f , the section σ and the locally free
sheaves de�ned before.

Lemma 4.16. We have the isomorphism σ∗(LX′(λ)) ∼= LX(sα(λ)) for all characters

λ ∈ X∗(T ).

Proof. To prove this we regard the locally free sheaves as line bundles. We have the
following pullback diagram.

X ×B BnB′ ×B′ kλ �
�

//

��

X ×B P ×B′ kλ

��

X/B
σ // X ×B P/B′

Every class in X ×B BnB′ ×B′ kλ has a representative of the form (x, n, a). There-
fore, it is isomorphic to the quotient of X × {n} × kλ given by the identi�cations
(x, n, a) ∼ (xb, b−1nb′, λ(b′)−1a) for b ∈ B, b′ ∈ B′, x ∈ X, a ∈ kλ and b−1nb′ = n.
But that is the same as (x, n, a) ∼ (xb, n, λ(n−1bn)−1a). The lemma follows from
λ(n−1bn) = sα(λ)(b).

Lemma 4.17. The degree of LX′(λ) along every �ber of f is given by 〈α∨, λ〉 for all

λ ∈ X∗(T ).

Proof. We choose an x ∈ X and replace X by xB. Thus, we may assume X/B to be
trivial. Furthermore, since B acts faithfully on X, we get X×BP/B′ ∼= P/B′. Therefore,
we get the isomorphism

LX′(λ) ∼= {sections of P ×B
′
kλ → P/B′}.

The commutator subgroup L′ = D(L) is a semisimple group that has a maximal torus
T ′ ⊆ T . We have the isomorphisms L′/T ′U−α ∼= P/B′ and L′ ×T ′U−α kλ ∼= P ×B′ kλ.
The group L′ is of rank 1 which means it is either SL2 or PSL2. Since the quotients
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do not di�er for both these groups, we may assume L′ = SL2. The only di�erence to
the situation L = SL2 is that we have a bigger torus with more characters. However, if
〈α∨, λ〉 = 0, the action of T ′U−α on kλ is trivial. Therefore, the lemma is true in that
situation. Since the map X∗(T )→ Pic(P/B′) given by λ 7→ LX′(λ) is a homomorphism,
we only need to look at the unique character λ of T ′ with 〈α∨, λ〉 = 1. The quotient
P/B′ is isomorphic to P1. Therefore, it su�ces to check that the space of global section
of LX′(λ) is of dimension 2. This is done via a concrete calculation in SL2 as follows.

First of all, using Proposition 4.12 the global sections of LX′(λ) are given by

{ϕ : L→ k | ϕ(ltu) = λ(t)−1ϕ(l) ∀l ∈ L, t ∈ T ′, u ∈ U−α}.

Due to the Bruhat decomposition, there is an open covering L = U−αTUα ∪ nU−αTUα.
One can compute the dimension explicitly as follows. First de�ne two functions on U−α
and nU−α that extend in only one possible way to the open sets in the covering. Then
one can compute the condition of them coinciding on the intersection via an explicit
calculation with matrices in SL2. We will leave this calculation to the reader.

By D we denote the divisor given by the image of the section σ. The corresponding
locally free sheaf of rank 1 will be denoted by L(D).

Lemma 4.18. The sheaf σ∗(L(D)) is isomorphic to LX(−α).

Proof. Let n ∈ L be a representative of the only non trivial element sα of the Weyl
group. There is a morphism σ̃ : X → X × P/B′ given by x 7→ (x, n). Furthermore, we
de�ne D̃ := X × {n}. The following diagram commutes.

X

��

σ̃ // X × P/B′

��

X/B
σ // X ×B P/B′

Therefore, we have an isomorphism σ∗(L(D)) ∼= σ̃∗(L(D̃))/B. To get σ̃∗(L(D̃)) we
need to compute L(D̃)|D̃. We also have the following commutative diagram.

X × P/B′

p

��

D̃

q

��

? _oo

P/B′ {n}.? _oo

Thus, we get the isomorphism L(D̃)|D̃
∼= (p∗L({n}))|D̃ ∼= q∗(L({n})|{n}). It su�ces

to check that B acts via −α on L({n})|{n}. This can be done via a concrete calculation
in SL2.

Let B be the Borel subgroup of upper triangular matrices in SL2. Due to the isomorphism
P/B′ ∼= P1 = Proj(k[x, y]), we can identify n with [1 : 0]. With this identi�cation we
have the equality L({n})|{n} = (x/y · k[y/x])/(k[y, x]). Indeed, B acts via −α on it.
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Lemma 4.19. The sheaf Ω(X′/B′)/(X/B) is isomorphic to LX′(−α).

Proof. We can do this computation again in SL2. Let L be the line bundle given by
X ×B k2 → X/B. Then X ×B P/B′ is the projective bundle P(L). By [Har77] Exercise
8.4(b) there is an isomorphism Ω(X×BP/B′)/(X/B)

∼= (f∗
∧2 L)⊗OX×BP/B′(−2). On P/B′

we can use Proposition 4.13 to get LP (ω) ∼= OP/B′(1). That implies the isomorphism
OX×BP/B′(−2) ∼= LX×BP (−α). Furthermore, for all λ, µ ∈ k and b ∈ B we have

b · λ ∧ µ = λ ∧ µ. Therefore,
∧2 L is trivial concluding the proof.

Lemma 4.20. For all characters λ ∈ X∗(T ) we get an isomorphism

LX′(λ) ∼= f∗(LX(λ))⊗ L(D)⊗〈α
∨,λ〉.

Proof. Since P/B′ ∼= P1, the locally trivial �bration f : X ′/B′ → X/B is a projective
bundle of rank 1. Therefore, we get Pic(X ′/B′) ∼= Pic(X/B) ⊕ ZO(1). The second
projection Pic(X ′/B′)→ Z · O(1) is given by restriction to the �ber.

According to Lemma 4.17 the degrees of LX′(λ) and L(D)⊗〈α
∨,λ〉 are the same along

every �ber of f . Hence, there is a sheaf L ∈ Pic(X/B) such that

f∗(L) ∼= LX′(λ)⊗ L(D)⊗(−〈α
∨,λ〉).

Finally, we can conclude the proof by the following isomorphism using Lemma 4.16 and
4.18

L ∼= σ∗f∗L
∼= σ∗LX′(λ)⊗ σ∗L(D)⊗(−〈α

∨,λ〉)

∼= LX(sα(λ) + 〈α∨, λ〉α)

= LX(λ).

Finally, we can describe A∗(X ′/B′) in terms of A∗(X/B). We denote the corresponding
class of D by ξ. Obviously, we have the equality ξ = σ∗(1) = c1(L(D)), where c1 denotes
the �rst Chern class.

Proposition 4.21. The ring homomorphism f∗ : A∗(X/B) → A∗(X ′/B′) is injective.

It identi�es A∗(X ′/B′) with A∗(X/B)[ξ]/(ξ2 + cX(α)ξ).

Proof. We have the equality σ∗◦f∗ = id proving the injectivity of f∗. Next, we will prove
the relation ξ2 + cX(α)ξ = 0. The projection formula ([Ful98] Proposition 8.3) yields the
equality σ∗σ∗(a′) = ξa′ for all a′ ∈ A∗(X ′/B′). For any element a ∈ A∗(X/B) we set
a′ = f∗(a) to get σ∗(a) = ξf∗(a). Choosing a′ = ξ and a = σ∗(a′) the two last equations
yield ξ2 = σ∗σ

∗(ξ) = ξf∗σ∗(ξ). Because taking Chern classes and pulling back commutes
([Ful98] Theorem 3.2), we can use Lemma 4.18 to get σ∗(ξ) = cX(−α) = −cX(α). This
proves the relation.
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Using well known facts about projective bundles ([Ful98] Theorem 3.3) we know that
A∗(X ′/B′) is a free A∗(X/B) module with basis (1,O(1)). We are left to prove, that
(1, ξ) is also a basis. This is true because the degree of ξ along the �bers of f is 1.

Despite this result, we still lack a description of cX(α). However, the next proposition
gives a description of cX′ in terms of cX .

Proposition 4.22. For all λ ∈ X∗(T ) we get the equality cX′(λ) = cX(λ) + 〈α∨, λ〉ξ.

Proof. Applying c1 to the equality in Lemma 4.20 immediately shows the statement.

4.3 Cycles on the Bott-Samelson Variety II

In this section we are going to give a description of the Chow ring of the Bott-Samelson
variety. Moreover, we will determine all ample divisors. This is needed for our application
of Mori theory in the later sections. Through all of this we will use the notation of section
4.1. Furthermore, we de�ne X0 = B0 and Xi = Xi−1 ×Bi−1 Pi for all i ∈ [1, r]. Using
the results of the last section there are sections σi : Xi−1/Bi−1 → Xi/Bi of the maps
fi : Xi/Bi → Xi−1/Bi−1. Moreover, we de�ne ξi := f∗r · · · f∗i+1(σi)∗(1).

Theorem 4.23 ([Dem74], Proposition 4.1). (i) For all i, j ∈ [1, r] there is the equality

cXi(γj) =

i∑
l=1

〈γ∨l , γj〉ξl.

(ii) For all i ∈ [0, r], there is an isomorphism

A∗(Xi/Bi) ∼= Z[ξ1, . . . , ξi]/(ξ
2
j + cXj−1(γj)ξj | j ∈ [1, i]).

Proof. The �rst statement follows by an induction on i from Proposition 4.22, while the
second follows from Proposition 4.21 also using induction on i.

The divisors Zi := f−1r · · · f−1i+1(σ(Xi−1/Bi−1)) are representatives of ξi for all i ∈ [1, r].
The Zi can be determined for the other descriptions of the Bott-Samelson variety as
follows.

Proposition 4.24. (i) In the quotient Bott-Samelson variety, we have

Zi = {(x1, . . . , xr) ∈ X̃quo(w̃) | xi = 1}.

(ii) Regarding the product Bott-Samelson variety, we get

Zi = {(x1, . . . , xr) ∈ X̃prod(w̃) | xi = xi−1}.
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(iii) With the description of Proposition 4.7, Zi is described as

Zi = {(x1, . . . , xr) ∈ X̃(w̃) | xi = xp(i)}.

Proof. Parts (i) and (ii) follow directly from the isomorphism between the di�erent
de�nitions of the Bott-Samelson variety. To get part (iii), we will use part (ii). We
need to prove that the equivalence giB = gi−1B ⇔ giP

βi = gp(i)P
βi holds for any

(g1, . . . , gr) ∈ X̃prod(w̃).

If giB = gi−1B, then we have

gp(i) ∈ gi−1Pβi−1
· · ·Pβp(i)−1

= giPβi−1
· · ·Pβp(i)−1

⊆ giP βi .

However, if giP βi = gp(i)P
βi holds, then we get

gi−1 ∈ gp(i)Pβp(i)+1
· · ·Pβi−1

⊆ gp(i)P βi = giP
βi

and gi−1 ∈ giPβi . Due to Pβi ∩ P βi = B, the equality giB = gi−1B follows.

There is even the following result due to [LT04] Proposition 3.5.

Proposition 4.25. The divisors ξ1, . . . ξr form a basis of the monoid of e�ective divisors.

Proof. Let [D] =
∑r

i=0miξi be any e�ective divisor. We need to prove mi ≥ 0 for all
i ∈ [1, r]. Since all Zi are B-stable, the global sections of L(D) form a �nite dimensional
B-representation. Using Borel's �xed point theorem we get a global section s �xed under
B up to scalar multiplication. Therefore, the zero divisor V (s) of s is a B-stable divisor
of X̃(w̃). Since X̃(w̃)\

⋃r
i=0 ξi is isomorphic to BwB/B, the set X̃(w̃)\

⋃r
i=0 ξi is a dense

B-orbit. That implies V (s) ⊆
⋃r
i=0 ξi. Therefore, there are m

′
i ≥ 0 for all i ∈ [1, r]

such that [D] = [V (s)] =
∑r

i=1m
′
iξi. Because (ξi)i∈[1,r] is a base of A1(X̃)(w̃), we get

mi = m
′
i ≥ 0.

For any set K ⊂ [1, r] we de�ne ZK to be
⋂
i∈K Zi. The variety ZK has codimension

#K. Indeed, this can be seen by ZK = {(p1, . . . , pr) ∈ X̃quo(w̃)| pi = 1 for all i ∈ K}.
Using this description of ZK also enables us to compute the image of ZK in the Schubert
variety XP (w).

Proposition 4.26. The image π(ZK) is equal to the Schubert variety XP (v), where v is

the longest element that can be written as a subword of w̃ without any sβi for all i ∈ K.

Proof. This follows from [Bou68] Section IV.�2 equation (3) and Theorem IV.�2.4.2.
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4 The Bott-Samelson Variety

By Ti we denote the pullback via f∗r · · · f∗i+1 of the relative tangent sheaf of fi. The curve
Z[1,r]\{i} will be denoted by Ci. For notational simplicity we identify any line bundle

L ∈ Pic(X̃(w̃)) with its Chern class c1(L) ∈ A1(X̃(w̃)).

In the following, we are recalling some equations from [Per05].

Proposition 4.27 ([Per05], Proposition 3.3). The following equality holds in A∗(X̃(w̃))
for all i, j ∈ [1, r].

[Ci] · ξj =


0 , if i > j

1 , if i = j

〈β∨i , βj〉 , if i < j

Proof. We have the equality Ci =
∏
k 6=i ξk. Because Z[1,r] is just a point, we have

[Ci] · ξi = 1. An easy induction on j yields

[Ci] · ξj =


0 , if i > j

1 , if i = j∑j−i
k=1(−1)k

∑
i=i0<...<ik=j

∏k−1
x=0〈γ∨ix , γix+1〉 , if i < j.

Therefore, we are left to prove

j−i∑
k=1

(−1)k
∑

i=i0<...<ik=j

k−1∏
x=0

〈γ∨ix , γix+1〉 = 〈β∨i , βj〉.

We have βi = sγ1 · · · sγi−1(γi). Furthermore, the equalities

〈β∨i , βj〉 = 〈sγ1 · · · sγi−1(γi), sγ1 · · · sγj−1(γj)〉
= 〈γ∨i , sγi · · · sγj−1(γj)

= −〈γ∨i , sγi+1 · · · sγj−1(γj)

hold. There are xk,j ∈ Z such that sγi · · · sγj−1(γj) =
∑j

k=i xk,jγk. Again doing an
induction on j yields

xi,j =

j−i∑
k=1

(−1)k
∑

i=i0<...<ik=j

k−1∏
x=0

〈γ∨ix , γix+1〉.

Moreover, we get the following two equalities

〈γ∨i , sγi · · · sγj−1(γj)〉 =

j∑
k=i

xk,j〈γ∨i , γk〉,

−〈γ∨i , sγi+1 · · · sγj−1(γj)〉 = −
j∑

k=i+1

xk,j〈γ∨i , γk〉.

Adding these equations yields 2〈γ∨i , sγi · · · sγj−1(γj)〉 = xi,j〈γ∨i , γi〉 = 2xi,j . That con-
cludes the proof.
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4 The Bott-Samelson Variety

The next goal is to describe Ti in terms of ξ1, . . . , ξr.

Proposition 4.28 ([Per05], Fact 3.7 & Corollary 3.8).

(i) For all characters λ ∈ X∗(T ) we have LXi(λ) =
∑i

k=1〈γ∨k , λ〉ξk.

(ii) The equality Ti =
∑i

k=1〈γ∨k , γi〉ξk holds for all i ∈ [1, r].

Proof. The �rst part is a direct consequence of Lemma 4.20. Together with Lemma 4.19
we get the second part.

Since we de�ned X̃(w̃) via a sequence of P1-�brations, we can compute the canonical
divisor as −K

X̃(w̃)
=
∑r

i=1 Ti. The previous proposition yields

−K
X̃(w̃)

=

r∑
i=1

i∑
k=1

〈γ∨k , γi〉ξk

=

r∑
k=1

(
r∑
i=k

〈γ∨k , γi〉

)
ξk.

Proposition 4.29 ([Per05], Proposition 3.11). For all i, j ∈ [1, r] we have the equation

[Ci] · Tj =

{
0 , if i > j

〈β∨i , βj〉 , if i ≤ j.

Proof. Due to the last two propositions, the case i > j is clear. For i = j we get
[Ci] · Ti =

∑i
k=1〈γ∨k , γi〉[Ci]ξk = 2. In the case i < j we have the equalities

[Ci] · Tj =

j∑
k=1

〈γ∨k , γj〉[Ci]ξk

= 〈γ∨i , γj〉+

j−1∑
k=i+1

〈β∨i , βk〉〈γ∨k , γj〉+ 2〈β∨i , βj〉.

Therefore, we are left to prove the next lemma.

Lemma 4.30 ([Per05], Proposition 3.13). For all i, j ∈ [1, r] with i < j we have the

formula
j−1∑
k=i+1

〈β∨i , βk〉〈γ∨k , γj〉 = −〈γ∨i , γj〉 − 〈β∨i , βj〉.

Proof. As in the proof Proposition 4.27 we get

〈γ∨k , γj〉 =

j−k∑
u=1

(−1)u
∑

k=i0<...<iu=j

u−1∏
x=0

〈β∨ix , βix+1〉
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4 The Bott-Samelson Variety

by exchanging the roles of γi and βi. Setting i−1 = i, we can prove the proposition by
the following series of equalities.

j−1∑
k=i+1

〈γ∨k , γj〉〈β∨i , βk〉 =

j−1∑
k=i+1

j−k∑
u=1

(−1)u
∑

k=i0<...<iu=j

〈β∨i , βk〉
u−1∏
x=0

〈β∨ix , βix+1〉

=

j−i−1∑
u=1

(−1)u
j−u∑
k=i+1

∑
k=i0<...<iu=j

u−1∏
x=−1

〈β∨ix , βix+1〉

=

j−i−1∑
u=1

(−1)u
∑

i=i−1<...<iu=j

u−1∏
x=−1

〈β∨ix , βix+1〉

=

j−i∑
u=2

(−1)u−1
∑

i=i0<...<iu=j

u−1∏
x=0

〈β∨ix , βix+1〉

= −〈β∨i , βj〉 −
j−i∑
u=1

(−1)u
∑

i=i0<...<iu=j

u−1∏
x=0

〈β∨ix , βix+1〉

= −〈β∨i , βj〉 − 〈γ∨i , γj〉

Having a good description of the Chow ring we are now examining the ample divisors on
X̃(w̃). Furthermore, the cone of e�ective curves will be described. This is also called the
Mori cone (see [Mat02] for further information on this topic). For the rest of this section
we will only use the Bott-Samelson variety as described in Proposition 4.7. There are
morphisms pi : X̃(w̃)→ G/P βi induced by the projections of

∏r
i=1G/P

βi for all i ∈ [1, r].
Since P βi is a maximal parabolic subgroup, the Picard group of G/P βi is isomorphic to
Z and generated by a very ample invertible sheaf O(1). We de�ne Li to be the pullback
p∗iO(1). Furthermore, we de�ne

Yi := {(x1, . . . , xr) ∈
r∏
j=1

G/P βj | xj = 1 for all j 6= i and xi ∈ P(1, βi)}.

Our goal is to proof that the Li form a base of the closure of the cone of ample divisors,
while the Yi form the dual base of the cone of e�ective curves in X̃(w̃). At �rst, we need
to prove that Yi is a curve in the Bott-Samelson variety.

Lemma 4.31 ([Per07], Lemma 2.12). We have the inclusion Yi ⊂ X̃(w̃) for all i ∈ [1, r].

Proof. We only need to prove 1 ∈ P(g, βj) for all g ∈ P(1, βi) and j ∈ [i + 1, s(i) − 1].
Since g ∈ P(1, βi), we get g ∈ Pβi . By de�nition we have g ∈ P(g, βj). The inclusion
Pβi ⊆ P βj implies g = 1 ∈ G/P βj concluding the proof.

Proposition 4.32 ([Per07], Proposition 2.13). The families (Li)i∈[1,r] and (Yi)i∈[1,r] are
dual to each other.
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4 The Bott-Samelson Variety

Proof. Let i, j ∈ [1, r]. If i 6= j, the sheaf (Li)|Yj is trivial. Therefore, the equality
[Li] · [Yj ] = 0 holds. If i = j, the sheaf (Li)|Yi is the generating very ample sheaf on
Yi ∼= P1. That proves [Li] · [Yi] = 1.

As the following proposition shows the families (Li)i∈[1,r] and (Yi)i∈[1,r] are bases of

A1(X̃(w̃)) respectively A1(X̃(w̃)).

Proposition 4.33 ([Per07], Proposition 2.14). Let [Cs(i)] = 0 if s(i) does not exist.

Then we have the equality [Yi] = [Ci]− [Cs(i)] for all i ∈ [1, r].

Proof. The curve Ci is given as follows

Ci = {(x1, . . . , xr)| xj = xp(j) for all j 6= i}
= {(x1, . . . , xr)| xj 6= 1 i� βi = βj and j ≥ i. In that case xi = xj}.

With this description the equation follows without di�culties.

Having established these results, we are now able to describe the ample divisors and
e�ective curves.

Theorem 4.34 ([Per07], Corollary 2.15). The closure of the cone of ample divisors in

A1(X̃(w̃))⊗Z R is generated by ([Li])i∈[1,r]. The cone of e�ective curves is generated by

([Yi])i∈[1,r]. Moreover, all ample divisors are very ample.

Proof. Let D be any ample divisor. Then ai := [D] · [Yi] is a positive integer and the
equality [D] =

∑r
i=1 aiLi holds. Let D =

∑r
i=1 biLi be a divisor with bi > 0 for all

i ∈ [1, r]. Then D induces the composition of the inclusion X̃(w̃) ↪→
∏r
i=1G/P

βi and
the embedding induced by the very ample sheaf

⊗r
i=1OG/Pβi (bi). Therefore, D is very

ample. The claim on e�ective curves follows by duality.

We �nish this section by computing the divisors Li in terms of the basis ([ξk])k∈[1,r]. In
order to do this we describe the dual basis to (ξi)i∈[1,r]. For all i ∈ [1, r] we de�ne a cycle

[Ĉi] := [Ci] +
∑n

k=i+1〈γ∨i , γk〉[Ck].

Proposition 4.35 ([Per05], Lemma 4.5). The equality [Ĉi]·ξj = δi,j holds for all numbers

i, j ∈ [1, r]. That means the curves ([Ĉi])i∈[1,r] form a dual basis to (ξi)i∈[1,r].

Proof. This follows from the following computation using Proposition 4.27 and Lemma
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4 The Bott-Samelson Variety

4.30, which is still true after switching the (γi) and (βi).

[Ĉi] · ξj = ([Ci] +
n∑

k=i+1

〈γ∨i , γk〉[Ck]) · ξj

=


0 , if i > j

1 , if i = j

〈β∨i , βj〉+
∑j−1

k=i+1〈γ
∨
i , γk〉〈β∨k , βj〉+ 〈γ∨i , γj〉 , if i < j

= δi,j

We have the equality Li =
∑

k∈[1,r](Li · [Ĉk])ξk. To get a description of Li in terms of

the basis (ξk)k∈[1,r] we are left to compute Li · [Ĉk] for all k ∈ [1, r].

Proposition 4.36 ([Per07], Proposition 2.16). We have the following equality.

Li · [Ĉk] =



0 , if k > i

1 , if k = i

1 +
i∑

j=k+1,βj=βi

〈γ∨k , γj〉 , if k < i and βk = βi

i∑
j=k+1,βj=βi

〈γ∨k , γj〉 , if k < i and βk 6= βi

Proof. An induction on j using Proposition 4.32 and 4.33 yields the equality

Li · [Cj ] =

{
1 , if i > j and βi = βj

0 , otherwise
.

The statement follows immediately.

The results of this chapters also enable us to compute the Picard group of a Schubert
variety in G/P . We will only deal with the case of a maximal parabolic subgroup P .
With some more e�orts it is however possible to generalize the following theorem to any
parabolic subgroup.

Theorem 4.37. Let P be a maximal parabolic subgroup of G and XP (w) ⊆ G/P a

non trivial Schubert variety. Then the Picard group Pic(XP (w)) is isomorphic to Z and

generated by a very ample generator.

Proof. We proved before that there is a very ample generator O(1) of Pic(G/P ). The
pullback π∗(O(1)|XP (w)) is isomorphic to Lr. Since A∗(XP (w)) (Theorem 3.8) is a free
abelian group, the subgroup Pic(XP (w)) is also free abelian. Therefore, we only need to
prove that any invertible sheaf on XP (w) is a multiple of O(1)|XP (w).
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4 The Bott-Samelson Variety

The map π∗ : Pic(XP (w)) → Pic(X̃(w̃)) is injective. Indeed, by the projection formula
and normality of Schubert varieties (Theorem 3.7) the equality π∗π∗(L) = L holds for
all L ∈ Pic(XP (w)). Thus, for any L,L′ ∈ Pic(XP (w)) we get the equivalence

L = L′ ⇔ π∗(L) · [Yi] = π∗(L′) · [Yi] ∀i ∈ [1, r].

Let L be any line bundle of XP (w). Then by de�nition of [Yi] we have π∗[Yi] = 0 for
all i ∈ [1, r − 1]. The map π∗ : A0(X̃(w̃)) → A0(XP (w)) is an isomorphism. The
projection formula shows π∗(π∗L · [Yi]) = 0 for all i ∈ [1, r − 1]. Therefore, we get
L ∼= (O(1)|XP (w))

⊗(π∗L·[Yr]).
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5 Cominuscule Schubert Varieties

5.1 Minuscule Weights

After establishing more general results in the previous parts we are now going to focus
on (co)minuscule Schubert varieties. This chapter consists of a recall on (co)minuscule
weights. For all root systems the notation of [Bou68] is used.

De�nition 5.1. Let ω be a fundamental weight corresponding to a simple root α.

(i) We call ω minuscule if 〈β∨, ω〉 ≤ 1 for all β ∈ R+.

(ii) We call ω cominuscule if the fundamental weight ω∨ corresponding to α∨ ∈ R∨
is minuscule.

We will classify all minuscule and cominuscule weights by giving an easier description of
cominuscule weights.

Proposition 5.2. (i) Let ω be a fundamental weight corresponding to a simple root

αω and α̃ =
∑

α∈S nαα be the highest root of R. Then ω is cominuscule if and only

if nαω = 1.

(ii) The following table shows all the minuscule and cominuscule weights.

Type Minuscule weights Cominuscule weights

An ω1, . . . , ωn ω1, . . . , ωn
Bn ωn ω1

Cn ω1 ωn
Dn ω1, ωn−1, ωn ω1, ωn−1, ωn
E6 ω1, ω6 ω1, ω6

E7 ω7 ω7

E8 none none

F4 none none

G2 none none

Proof. The inequality nαω ≥ 1 always holds. Furthermore, the de�nition of ω shows
〈ω∨, α̃〉 = nαω . On the one hand, ω∨ being minuscule implies nαω = 〈ω∨, α̃〉 ≤ 1. On
the other hand, nαω = 1 implies the inequality

〈ω∨, β〉 = mαω ≤ nαω = 1
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5 Cominuscule Schubert Varieties

for all β =
∑

α∈Smαα ∈ R+. Indeed, we proved that ω is cominuscule if and only if
nα̃ = 1.

To get the table of all (co)minuscule weights, just look up the highest roots of all the
root systems in [Bou68].

The resolutions we will discuss in this thesis have been fully understood in the minuscule
case due to [Per07]. We are going to generalize those results to the cominuscule case.
The last proposition shows that the number of cases to check is rather limited.

De�nition 5.3. Let ω be a minuscule (resp. cominuscule) fundamental weight corre-
sponding to a simple root α.

(i) We de�ne the maximal parabolic subgroup Pω by Σ(Pω) = {α}.

(ii) The homogeneous space G/Pω is called minuscule (resp. cominuscule) and all its
Schubert varieties are also called minuscule (resp. cominuscule).

(iii) An element w ∈ W is said to be minuscule (resp. cominuscule) with respect to ω
if Pω ⊆ Pw.

Remember the de�nition Σ(Pw) = {α ∈ S | l(wsα) < l(w)}. Using Proposition 3.6 we
get that the minuscule (resp. cominuscule) elements with respect to ω are exactly the
minimal representatives modulo WPω . Next we derive a useful lemma which enables us
to get some information about W/WPω . Note that we can focus on the minuscule case
because W (R) ∼= W (R∨). Later on there will be a summary of the information obtained
for the cominuscule case.

Lemma 5.4 ([Per07], Fact 3.8). Let w̃ = (sβ1 , . . . , sβr) be a reduced expression and ω be

a minuscule fundamental weight. Set wi = sβi · · · sβr for i ∈ [1, r] and wr+1 = 1. Then

the following are equivalent.

(i) The element w is minuscule with respect to ω.

(ii) For all i ∈ [2, r + 1] we have the equality 〈β∨i−1, wi(−ω)〉 = −1.

(iii) If i ∈ [1, r + 1] we obtain wi(−ω) = −ω + βr + . . .+ βi.

Proof. The equivalence of (ii) and (iii) is obvious. Due to Lemma 3.4, w being minuscule
is equivalent to NPω(wi) < NPω(sβi−1

wi) for all i ∈ [2, r + 1]. That is true if and only if
w−1i (βi−1) ∈ R+\R+

Pω
, which is equivalent to 〈β∨i−1, wi(ω)〉 = 〈w−1i (βi−1)

∨, ω〉 > 0. We
can conclude the proof due to ω being minuscule.
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5.2 Quivers of Minuscule Schubert Varieties

In this chapter we give an explicit description of all minuscule elements w ∈W in terms
of quivers. The next proposition describes the shape of minuscule quivers.

Lemma 5.5 ([Per07], Proposition 4.1). Let w̃ = (sβ1 , . . . , sβr) be a reduced expression

and ω a fundamental weight. Then w is minuscule with respect to ω if and only if the

following three conditions hold.

(i) The element βr is the unique simple root such that 〈β∨r , ω〉 = 1.

(ii) Let i < r be a vertex of the quiver such that s(i) does not exist. Then there is a

unique arrow from i to a vertex k and we have 〈β∨i , βk〉 = −1.

(iii) Let i < r be a vertex of the quiver such that s(i) exists. Then there are two

possibilities. Either there are two vertices k1, k2 with an arrow coming from i or
there is a unique vertex k with an arrow coming from i. In the �rst case,

〈β∨i , βk1〉 = 〈β∨i , βk2〉 = −1.

In the second case,

〈β∨i , βk〉 = −2.

Proof. Let w be cominuscule. We start by showing that all three conditions hold.

(i) By lemma 5.4 the equality 〈β∨r , ω〉 = 1 holds.

(ii) Since s(i) does not exist and i 6= r, we get βi 6= βr. Using lemma 5.4 we get

r∑
k=i+1

〈β∨i , βk〉 = 〈β∨i ,−ω +

r∑
k=i+1

βk〉

= 〈β∨i , wi+1(−ω)〉
= −1.

Again using that s(i) does not exists we have 〈β∨i , βk〉 ∈ {0,−1} for all k ∈ [i + 1, r].
That concludes part (i).

(iii) In the same way as before we prove the equality

r∑
k=i+1

〈β∨i , βk〉 =

r∑
k=s(i)+1

〈β∨i , βk〉 =

{
−1 , if βi 6= βr

0 , if βi = βr.

Either way we get

2 +

s(i)−1∑
k=i+1

〈β∨i , βk〉 =

s(i)∑
k=i+1

〈β∨i , βk〉 = 0.
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This concludes part (iii).

To prove the other direction we start by showing the equality

〈β∨i , ω〉 −
r∑

k=i+1

〈β∨i , βk〉 = 1 (5.1)

for all i ∈ [1, r] by descending induction on i. For i = r the equality 〈β∨i , ω〉 = 1 holds
due to (i). If s(i) doesn't exist and i 6= r, condition (ii) implies (5.1). If s(i) exists,
condition (iii) implies

s(i)∑
k=i+1

〈β∨i , βk〉 = 0.

We can conclude because by induction the equality (5.1) holds for s(i).

To proof that w is minuscule we show part (iii) of Lemma 5.4 also by descending induction
on i. The equality wr+1(−ω) = −ω always hold. For i ≤ r the equality (5.1) and the
induction hypothesis yield

wi(−ω) = sβiwi+1(−ω)

= sβi(−ω + βr + . . .+ βi+1)

= −ω + βr + . . .+ βi+1 + (〈β∨i , ω〉 −
r∑

k=i+1

〈β∨i , βk〉)βi

= −ω + βr + . . .+ βi.

With this description of minuscule elements we are able to proof several useful facts.

Theorem 5.6. Let ω be a minuscule (resp. cominuscule) fundamental weight.

(i) Minuscule (resp. cominuscule) elements have a unique reduced expression modulo

commutation relations.

(ii) The Bruhat order in W/WPω is the same as the weak Bruhat order.

Proof. (i) The only equations in W which could change a reduced expression beyond
commutation are given by the braid relations sαsβsαsβ = sβsαsβsα and sαsβsα = sβsαsβ
for simple roots α and β. The relation sαsβsαsβsα = sβsαsβsαsβ does not occur because
there is no (co)minuscule weight in the root system of type G2. We may assume that the
length of the root α is smaller or equal to the root β. Therefore, the equality 〈β∨, α〉 = −1
holds. If any of the two relations is applicable, there is a reduced expression where sαsβsα
occurs. But Lemma 5.5 shows that there has to be a second simple re�ection in between
the two sα.
(ii) The Bruhat order in the Weyl group W is generated by the relations u < v, where
l(v) = l(u)+1 and u is obtained from v ∈W by removing a simple re�ection in a reduced
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expression (see [Bjo05] Theorem I.2.2.6). The weak Bruhat order in W is generated by
the relations u < v, where u is obtained from v ∈ W by removing a simple re�ection
from the left in any reduced expression. Let w̃ = (sβ1 , . . . , sβr) be a reduced expression
of a minimal representative w ∈W modulo WPω . It su�ces to prove that removing any
simple re�ection from w̃ which is not at the left (modulo commutation) does not yield a
reduced expression. Let sβj be a simple re�ection which is not at the left for j ∈ [1, r].
Then there is an i ∈ [1, r] with an arrow to j. By removing j Lemma 5.5 (ii) or (iii) fails
for i if j 6= r. If however j = r, then removing j yields a quiver not satisfying part (i) of
the lemma.

Lemma 5.7. Every expression obtained from a quiver satisfying the conditions of Lemma

5.5 is reduced.

Proof. If the expression would not be reduced, we could apply either a braid relation
or a relation s2α = 1 for some α ∈ S. As in the previous proof, that does not occur by
Lemma 5.5.

It is desirable to link this description of minuscule elements to the Bruhat order.

De�nition 5.8. (i) We de�ne a partial order on the vertices of the quiver generated
by the relations j ≺ i if there is an arrow from i to j.

(ii) A subset I of a partially ordered set (P,≤) is called an order ideal if the following
condition holds

(x ∈ I, x ≥ y ∈ P )⇒ y ∈ Y.

This partial order is not the one de�ned in [Per07], but the reversed one. Note, that the
order ideals for our partial order are subquivers and have an induced poset structure.

Theorem 5.9 ([Per07], Proposition 4.5). Let ω be a minuscule fundamental weight and

Qω the quiver of the minimal representative wω of the maximal element in W/WPω . The

quotient W/WPω and the order ideals of Qω are isomorphic as partially ordered sets.

Proof. By taking the corresponding expression as described before in Section 3.3 we
de�ne a map ϕ : {order ideals of Qω} → W . Furthermore, we have the projection map
π : W → W/WPω . We are going to prove that π ◦ ϕ is an isomorphism of partially
ordered sets.

We already know that there is at most one quiver to each reduced expression. Every
order ideal clearly satis�es the conditions of Lemma 5.5. Therefore, φ maps onto the set
of minuscule elements with respect to ω. By Theorem 5.6 (i) injectivity follows.

Next we prove the surjectivity of π ◦ ϕ. Pick any element w ∈ W which is minus-
cule with respect to ω. Then w ≤ wω and Theorem 5.6 (ii) implies the existence of
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5 Cominuscule Schubert Varieties

β1, . . . , βs, . . . , βr ∈ S such that wω = sβ1 · · · sβsw and w = sβs+1 . . . sβr . This implies
that the quiver corresponding to w is an order ideal of Qω proving surjectivity.

The assertion that we have an isomorphism of partially ordered sets is now a simple
consequence of Theorem 5.6 (ii).

Finally, we are going to �x some further notation for some (co)minuscule element w ∈W
with respect to a (co)minuscule fundamental weight ω. Recall the equality

Σ(Pw) = {α ∈ S| sαw > w for the Bruhat order in W/WPw}.

De�nition 5.10. (i) A maximal vertex of Qw is called a peak. We denote the set of
peaks of Qw by p(Qw).

(ii) We call a vertex i ∈ Qω a hole of Qw if one of the following two conditions is
satis�ed.

a) The vertex i is in Qw, p(i) /∈ Qw and βi ∈ Σ(Pw).

b) The vertex i is not in Qw, s(i) does not exist and βi ∈ Σ(Pw).

The holes satisfying the second condition are called virtual holes. We denote the
set of holes of Qw by Holes(Qw) .

(iii) The height h(i) of a vertex i of Qw is the largest integer n such that there is a
path consisting of n− 1 arrows from i to the unique smallest vertex in Qw

By the de�nition it is clear that β(Holes(Qw)) = Σ(Pw). We give a purely combinatorial
description of a hole in the minuscule case. The cominuscule case is dealt with in the
next section.

Proposition 5.11. Let ω be a fundamental weight and w 6= 1. A vertex i of Qω is a

hole of Qw if and only if one of the following two conditions is satis�ed.

(i) The vertex i is in Qw, p(i) /∈ Qw and there are between one or two vertices k1, k2 � i
such that 〈β∨i , βkj 〉 6= 0 for j = 1, 2. Moreover, we need to have the following equality

for j ∈ {1, 2}

〈β∨i , βkj 〉 =

{
−1 , if k1 6= k2

−2 , if k1 = k2.

(ii) The vertex i is not in Qw, s(i) does not exist and βi ∈ ∂ Supp(w).

Proof. The two conditions are exactly the ones that are needed such that part (ii) or (iii)
of Lemma 5.5 is still ful�lled after adding the vertex p(i) or i to the quiver Qω.
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5 Cominuscule Schubert Varieties

Example 5.12. Let us go back to our previous Example 3.15. Instead of C5 we will
work over B5. This doesn't change anything on the quiver. It is only necessary, because
we have not really dealt with the cominuscule case. The holes are h1, h2, h3 and the
peaks are p1, p2.

◦ ◦ ◦ ◦ ◦

◦

◦

◦

◦ ◦

◦ ◦

h1

h2 h3

p1 p2

>

The vertex h1 is the only virtual hole. The heights of p1, p2, h1, h2, h3 are 4, 4, 5, 3, 3.

Lemma 5.13. Let XP (w′) be a Schubert subvariety of a (co)minuscule Schubert variety

XP (w) stable under Pw. Then

β(Holes(Qw′)) ⊆ β(Holes(Qw)).

Proof. We have the inclusion Pw ⊆ Pw′ . Therefore, Σ(Pw′) ⊆ Σ(Pw) holds. That implies
the lemma.

5.3 Quivers of Cominuscule Schubert Varieties

After having established many results on minuscule elements of the Weyl group we are
going to rewrite them for the cominuscule case. All statements in this section are obvious
reformulations. All proofs follow from the fact that W (R) ∼= W (R∨) and are omitted.

Lemma 5.14. Let w̃ = (sβ1 , . . . , sβr) be a reduced expression and ω a fundamental

weight. Then w is cominuscule with respect to ω if and only if the following three condi-

tions hold.

(i) The element βr is the unique simple root such that 〈β∨r , ω〉 = 1.

(ii) Let i < r be a vertex of the quiver such that s(i) does not exist. Then there is a

unique arrow from i to a vertex k and we have 〈β∨k , βi〉 = −1.

(iii) Let i < r be a vertex of the quiver such that s(i) exists. Then there are two

possibilities. Either there are two vertices k1, k2 with an arrow coming from i or
there is a unique vertex k with an arrow coming from i. In the �rst case,

〈β∨k1 , βi〉 = 〈β∨k2 , βi〉 = −1.
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5 Cominuscule Schubert Varieties

In the second case,

〈β∨k , βi〉 = −2.

Theorem 5.15. Let ω be a cominuscule fundamental weight.

(i) Cominuscule elements have a unique reduced expression modulo commutation rela-

tions.

(ii) The Bruhat order in W/WPω is the same as the weak Bruhat order.

Lemma 5.16. Every expression obtained from a quiver satisfying the conditions of

Lemma 5.14 is reduced.

Theorem 5.17. Let ω be a cominuscule fundamental weight and Qω the quiver of the

minimal representative wω of the maximal element in W/WPω . The Weyl group W/WPω

and the order ideals of Qω are isomorphic as partially ordered sets.

The de�nitions of a peak, a hole and the height remain the same in the cominuscule case.
However, the combinatoric description of a hole changes.

Proposition 5.18. Let ω be a cominuscule fundamental weight and Qω the quiver of the

minimal representative wω of the maximal element in W/WPω . Furthermore, w ∈W\{1}
is cominuscule with respect to ω. Then a vertex i of Qω is a hole of Qw if and only if

one of the following two conditions is satis�ed.

(i) The vertex i is in Qw, p(i) /∈ Qw and there are between one or two vertices k1, k2 � i
such that 〈β∨i , βkj 〉 6= 0 for j = 1, 2. Moreover, we need to have the following equality

for j ∈ {1, 2}

〈β∨kj , βi〉 =

{
−1 , if k1 6= k2

−2 , if k1 = k2

(ii) The vertex i is not in Qw, s(i) does not exist and βi ∈ ∂ Supp(w).

Lemma 5.19. Let XP (w′) be a Schubert subvariety of a cominuscule Schubert variety

XP (w) stable under Pw. Then

β(Holes(Qw′)) ⊆ β(Holes(Qw)).
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6 Divisors of Cominuscule Schubert
Varieties

For the rest of this thesis we are only going to deal with cominuscule Schubert varieties.
There are two cases which are not minuscule. The �rst one is Cn with weight ωn, while
the second one is Bn with weight ω1. Furthermore, we also need some results in the
An case. All the following results have corresponding statements in the minuscule case.
They are to be found in [Per07]. In this section we describe further properties of divisors.
At �rst, we need a description of the quivers of the maximal elements. They are given
by the maximal quivers satisfying the conditions of Lemma 5.14.

Proposition 6.1. (i) If G has root system Cn and P is the maximal parabolic cor-

responding to the fundamental weight ωn, the quiver of the maximal element in

W/WP can be described as follows. The vertices are given by the set

Q := {(x, y) ∈ [1, n]×[1, 2n−1] | x+y ≡ n+1 (mod 2), x+y ≥ n+1, y−x ≤ n−1}.

The coloring β : Q→ S is given by (x, y) 7→ αx. We de�ne two subsets of Q by

A := {(x, y) ∈ Q | x+ y = n+ 1 and (x, y) 6= (n, 1)},
B := {(x, y) ∈ Q | x = n and (x, y) 6= (n, 1)}.

Then we de�ne the following arrows.

• If (x, y) ∈ A, there is an arrow (x, y)→ (x+ 1, y − 1).

• If (x, y) ∈ B, there is an arrow (x, y)→ (x− 1, y − 1).

• If (x, y) ∈ Q\(A ∪ B ∪ {(n, 1)}), there are two arrows (x, y)→ (x− 1, y − 1)
and (x, y)→ (x+ 1, y − 1).

This quiver looks as follows.

◦
◦

◦ ◦
◦◦
◦◦

◦
◦

◦ ◦ ◦ ◦<
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6 Divisors of Cominuscule Schubert Varieties

(ii) If G has root system Bn and P is the maximal parabolic corresponding to the fun-

damental weight ω1, then w = sα1 · · · sαn−1sαnsαn−1 · · · sα1 is the maximal element

in W/WP . The quiver Qw looks as follows.

◦
◦

◦

◦
◦

◦

◦ ◦ ◦ ◦>
(iii) If G has root system An and P is the maximal parabolic corresponding to the fun-

damental weight ωk for k ∈ [1, n], the quiver of the maximal element in W/WP can

be described as follows. The vertices are given by the set

Q := {(x, y) ∈ [1, n]2 | x+y ≡ k+1 (mod 2), x+y ∈ [k+1, 2n−k+1], y−x ∈ [1−k, k−1]}.

The coloring β : Q→ S is given by (x, y) 7→ αx. We de�ne two subset of Q by

A := {(x, y) ∈ Q | x+ y = k + 1 and (x, y) 6= (k, 1)},
B := {(x, y) ∈ Q | y − x = 1− k and (x, y) 6= (k, 1)}.

Then we de�ne the following arrows.

• If (x, y) ∈ A, there is an arrow (x, y)→ (x+ 1, y − 1).

• If (x, y) ∈ B, there is an arrow (x, y)→ (x− 1, y − 1).

• If (x, y) ∈ Q\(A ∪ B ∪ {(k, 1)}, there are two arrows (x, y) → (x − 1, y − 1)
and (x, y)→ (x+ 1, y − 1).

This quiver looks as follows.

◦
◦ ◦
◦

◦
◦ ◦ ◦
◦ ◦ ◦

◦
◦

◦ ◦
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
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6 Divisors of Cominuscule Schubert Varieties

6.1 The Cn-Case

In this chapter we will do some computations in the Cn case. In Section 4.2 we computed
properties of divisors in terms of the roots (γi)i∈[1,r]. Having concrete quivers we are now
able to compute this even more explicitly. Let w = (sβ1 , . . . , sβr) be a reduced expression
of a cominuscule element with respect to ωn.

Proposition 6.2. Let Q be as in Proposition 6.1, Qw ⊆ Q the quiver corresponding to

w and i = (v, z) ∈ Qw. We de�ne the set

C := {j = (x, y) ∈ Qw | j � i and 〈γ∨j , γi〉 6= 0}.

Then we have the equality

C = {j = (x, y) ∈ Qw | j � i and (y−x = z−v or x+y = v+z or x+y = z−v+2n)}.

Moreover, for all j ∈ C we have the equality

〈γ∨j , γi〉 =

{
2 , if γj is shorter than γi

1 , otherwise.

Remark 6.3. Assuming Qw = Q the following diagram shows the subquiver of Q con-
sisting of all vertices j ∈ Q with j � i. The �lled vertices and all the vertices on dotted
lines between them are exactly the ones in C.

◦

◦
•

◦ ◦
•

◦ ◦ •
• •

◦
• •
•i
βi 6= αn

◦
◦
◦

◦
• ◦
•

◦
•
•i

βi = αn

Proof. We have the equality 〈γ∨j , γi〉 = 〈β∨j , sβj . . . sβi−1
(βi)〉. Therefore, it su�ces to do

the calculation for the maximal element in W/WP . Let f : {j = (x, y) ∈ Q | j � i} → Z
be the map de�ned by

j 7→ coe�cient of βj in sβj · · · sβi−1
(βi).
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6 Divisors of Cominuscule Schubert Varieties

An induction on the ordering of Q yields

f(x, y) =


1 , if x = n

1 , if x+ y ∈ [v + z, z − v + 2n− 2] and y − x ∈ [z − v, n− 1]

2 , otherwise.

The following diagram shows the values of f written on the place of the vertices of the
quiver. 1

2

2

1 1

2

1 1 1

1 1

1

1 1

1
βi 6= αn

1

2

2

1

2

1
βi = αn

From this it is easy to calculate 〈γ∨j , γi〉 and the proposition follows.

The proposition was formulated for a �xed i. We can also formulate it for a �xed j as
follows. Let Qw ⊆ Q be the quiver corresponding to w and let j = (x, y) ∈ Qw. We
de�ne the set

D := {i = (v, z) ∈ Qw | i � j and 〈γ∨j , γi〉 6= 0}.

Then we have the equality

D = {i = (v, z) ∈ Qw | i � j and (z− v = y−x or v+ z = x+ y or z− v = x+ y−2n)}.

Moreover, for all j ∈ D we have the equality

〈γ∨j , γi〉 =

{
2 , if γj is shorter than γi
1 , otherwise.

The following diagram shows the subquiver of Qw consisting of all vertices i ∈ Qw with
i � j. The �lled vertices and all the vertices on dotted lines between them are exactly
the ones in D.
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6 Divisors of Cominuscule Schubert Varieties

•
• •
◦

• •
◦ ◦ •

•
◦ ◦
•
◦

◦

j

βj 6= αn

•
•
◦

•
◦

◦

j

βj = αn

Together with Proposition 4.36 we can calculate Lr.

Corollary 6.4. We have the equality

Lr =
∑

i∈Qw,βi 6=αn

2ξi +
∑

i∈Qw,βi=αn

ξi.

As another consequence of Proposition 6.2 we can calculate the canonical divisor of X̃(w̃).
Recall the de�nition of the height in Section 5.2. For notational purposes we de�ne the
adjusted height of each vertex i by

h′(i) :=

{
h(i) , if βi 6= αn

h(i) + 1 , if βi = αn.

Corollary 6.5. We have the equality

−K
X̃(w̃)

=
∑

i∈Qw,βi 6=αn

(h′(i) + 2)ξi +
∑

i∈Qw,βi=αn

h′(i) + 2

2
ξi.

Proof. This can be computed using the description −K
X̃(w̃)

=
∑r

k=1 (
∑r

i=k〈γ∨k , γi〉) ξk.

The Picard group and the divisor class group of XP (w) can be described in terms of the
elements Di = π∗ξi for i ∈ p(Qw).

Proposition 6.6. The divisor class group of XP (w) is the free abelian group generated

by the classes Di for i ∈ p(Qw). The Picard group is free and generated by the class

L(w) := π∗(Lr) =
∑

i∈p(Qw)

βi 6=αn

2Di +
∑

i∈p(Qw)

βi=αn

Di.
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6 Divisors of Cominuscule Schubert Varieties

Proof. The claim about the divisor class group follows from Theorem 3.8. However, for
divisors there is the following easier argument, than what was done in [FMSS95].

The complement of the open Schubert cell BwP/P is given by the union of the divisorial
Schubert divisors. There is an n ∈ N such that BwP/P is isomorphic to the a�ne space
An. Because the divisor class group of An is trivial, the group A1(XP (w)) is generated
by the classes of the divisorial Schubert varieties. Since we are in the cominuscule case,
they are given by [XP (sβiw)] = π∗(ξi) for i ∈ p(Qw). Let

∑
i∈p(Qw) aiDi = 0 be some

relation in the divisor class group. Then there is a rational function f on X(w) with
no zero or pole on BwP/P ∼= An. Therefore, f is constant which implies ai = 0 for all
i ∈ p(Qw).

We proved in Theorem 4.37 that the Picard group of XP (w) is isomorphic to Z and is
generated by the element π∗(Lr) = OG/Pr(1)|XP (w). The dimension of π(Zi) is di�erent
from the dimension of Zi if i /∈ p(Qw). Therefore, π∗(ξi) = 0 for all i /∈ p(Qw). That
concludes the proof.

As a consequence we can determine whether XP (w) is locally Q-factorial.

Corollary 6.7. The Schubert variety XP (w) is locally Q-factorial if and only if the

quiver Qw has a unique peak. Furthermore, it is locally factorial if and only if Qw has a

unique peak i such that βi = αn.

For any normal variety the canonical sheaf can be de�ned as the extension of the canonical
sheaf of its smooth locus. See for example [BK05] Remark 1.3.12 for more details.
Therefore, we can speak about the canonical divisor KXP (w). To actually compute it we
need to recall the following facts.

Fact 6.8 ([BK05], Lemma 3.4.2). Let f : X → Y be a rational resolution of a variety

Y . Then Y is Cohen-Macaulay with canonical divisor f∗(KX).

Fact 6.9 ([BK05], Theorem 3.4.3). The Bott-Samelson resolution is rational.

In particular, the equality KXP (w) = π∗(KX̃(w̃)
) holds. We de�ne h′(w) = maxi∈Qw h

′(i).
As a consequence of Corollary 6.5 and Proposition 6.6, the following proposition follows
immediately.

Proposition 6.10. We have the equalities

−KXP (w) =
∑

i∈p(Qw)

βi 6=αn

(h′(i) + 2)Di +
∑

i∈p(Qw)

βi=αn

h′(i) + 2

2
Di

=
h′(w) + 2

2
L(w) +

∑
i∈p(Qw)

βi 6=αn

(h′(i)− h′(w))Di +
∑

i∈p(Qw)

βi=αn

h′(i)− h′(w)

2
Di.
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6 Divisors of Cominuscule Schubert Varieties

This enables us to determine whether XP (w) is Q-Gorenstein.

Corollary 6.11. The Schubert variety XP (w) is Q-Gorenstein if and only if h′(i) = h′(j)
for all peaks i and j of Qw. Moreover, it is Gorenstein if and only if h′(i) = h′(j) for all
peaks i, j of Qw and h′(w) is even.

Let us give some examples.

Example 6.12. Let G have root system C4 and w = sα1sα2sα4sα3sα4 . The quiver Qw
is given as follows.

◦
◦ ◦
◦
◦

The next diagram shows the quivers of the two Schubert divisors.

◦ ◦
◦
◦

◦
◦
◦
◦

We have the equalities L(w) = 2D1 +D3 and KXP (w) = 6D1 + 3D3. Therefore, XP (w)
is Gorenstein, but not locally Q-factorial. The example w′ = sα2sα3sα4 yields a Schubert
variety, that is locally Q-factorial and Q-Gorenstein, but is neither locally factorial nor
Gorenstein.

6.2 The Bn-Case

We will now prove corresponding results in the Bn case. Let w = (sβ1 , . . . , sβr) be a
reduced expression of a minuscule element with respect to ω1.

Proposition 6.13. Let j ∈ Qw. We de�ne the set

A := {i ∈ Qw | i � j and 〈γ∨j , γi〉 6= 0}.

Then the equality

A = {i ∈ Qw | i � j and (βi 6= βj or i = j)}

holds. Moreover, for all i ∈ A we have the equality

〈γ∨j , γi〉 =

{
2 , if γj is shorter than γi

1 , otherwise.
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6 Divisors of Cominuscule Schubert Varieties

Remark 6.14. The following two diagrams show the subquiver of Qw consisting of all
vertices i ∈ Qw with i � j. The �rst one deals with the case, where an s ∈ Qw exists
with βs = αn and j � s. The second one deals with the remaining case. The �lled
vertices and all the vertices on dotted lines between them are exactly the ones in A.

•
•

•
•

•

•
◦

•

•
◦ ◦ ◦ ◦ ◦ ◦

j

•

•
•
◦ ◦ ◦

j

>

Proof. The proof works in the same way as in Proposition 6.2. We leave the details to
the reader.

Corollary 6.15. We have the equality

Lr =
∑

i∈Qw,βi 6=αn

ξi +
∑

i∈Qw,βi=αn

2ξi.

Corollary 6.16. We have the equality

−K
X̃(w̃)

=

{
2h(s)ξs +

∑
i�s h(i)ξi +

∑
i≺s(h(i) + 1)ξi , if ∃s ∈ Qw with βs = αn∑

i∈Qw(h(i) + 1)ξi , otherwise.

Proof. This can be computed by using the description−K
X̃(w̃)

=
∑r

k=1 (
∑r

i=k〈γ∨k , γi〉) ξk.

As before we de�ne Di = π∗ξi for i ∈ p(Qw). We can compute the Picard group and the
divisor class group of XP (w) in the same way as in Proposition 6.6.

Proposition 6.17. The divisor class group of XP (w) is isomorphic to Dp · Z, where p
is the unique peak of Qw. For the Picard group we get

Pic(XP (w)) ∼=

{
Dp · Z , if βp 6= αn

2Dp · Z , if βp = αn
.
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6 Divisors of Cominuscule Schubert Varieties

Corollary 6.18. The Schubert variety XP (w) is locally Q-factorial. It is locally factorial
if and only if βp 6= αn.

As in the Cn case the equality KXP (w) = π∗(KX̃(w̃)
) holds.

Proposition 6.19. Let p be the unique peak of Qw. We have the equality

−KXP (w) =


h(p)Dp , if ∃s ∈ Qw with βs = αn and p � s
2h(p)Dp , if βp = αn

(h(p) + 1)Dp , otherwise.

Corollary 6.20. The Schubert variety XP (w) is Gorenstein.

6.3 The An-Case

Finally, we are going to deal with the An case. The proofs work exactly the same way
as before. Therefore, we will omit them. Most statements can also be found in more
generality in [Per07] for all minuscule elements. Let w = (sβ1 , . . . , sβr) be a reduced
expression of a minuscule element with respect to ωk for some k ∈ [1, n].

Proposition 6.21. Let Qw ⊆ Q be the quiver corresponding to w and let j = (x, y) ∈ Qw.
We de�ne the set

C := {i = (v, z) ∈ Qw | i � j and 〈γ∨j , γi〉 6= 0}.

Then we have the equality

C = {i = (v, z) � j | z − v = y − x or v + z = x+ y}.

Moreover, for all j ∈ C we have the equality 〈γ∨j , γi〉 = 1.

Remark 6.22. The following diagram shows the subquiver of Qw consisting of all ver-
tices i ∈ Qw with i � j. The �lled vertices and all the vertices on dotted lines between
them are exactly the ones in C.

•
• •
◦

•
◦ •

◦

◦

j
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Corollary 6.23. We have the equality Lr =
∑

i∈Qw ξi.

Corollary 6.24. We have the equality −K
X̃(w̃)

=
∑

i∈Qw(h(i) + 1)ξi.

Again, we de�ne Di = π∗ξi for i ∈ p(Qw).

Proposition 6.25. The divisor class group of XP (w) is the free abelian group generated

by the classes Di for i ∈ p(Qw). The Picard group is free and generated by the class

L(w) := π∗(Lr) =
∑

i∈p(Qw)

Di.

Corollary 6.26. The Schubert variety XP (w) is locally Q-factorial if and only if it is

locally factorial, which happens if and only if the quiver Qw has a unique peak.

We de�ne h(w) = maxi∈Qw h(i).

Proposition 6.27. We have the equalities

−KXP (w) =
∑

i∈p(Qw)

(h(i) + 1)Di

= (h(w) + 1)Lr +
∑

i∈p(Qw)

(h(i)− h(w))Di.

Corollary 6.28. The Schubert variety XP (w) is Q-Gorenstein if and only if it is Goren-

stein, which happens if and only if all peaks of Qw are of the same height.
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7 Resolutions

7.1 Generalization of Bott-Samelson's Construction

In this section we recall a generalization of the Bott-Samelson variety. We follow the
lines of [Per07]. For any minuscule w ∈ W we de�ne projective varieties X̂(ŵ) with a
birational morphism π̂ : X̂(ŵ) → X(w). In important special cases this variety has at
most terminal singularities. Moreover, the Bott-Samelson resolution will factor through
X̂(ŵ). The former one is constructed as a tower of locally trivial P1-�brations, while
X̂(ŵ) is constructed as a tower of locally trivial �brations with �bers isomorphic to
Schubert varieties. Notice, that the general construction won't need w to be minuscule.

At �rst we will describe how one step in constructing X̂(ŵ) is done. Let u ∈ W and
Y be a variety on which a parabolic subgroup PY containing B acts. We also assume
that the inclusion P u ∩ Gu ⊆ PY holds. Remember that we have the isomorphism
XPu(u) ∼= (Pu ∩Gu)u(P u ∩Gu)/(P u ∩Gu). That will enable us later to regard XPu(u)
as minuscule, though u is not minuscule in W . We de�ne

Ŷ (u) := (Pu ∩Gu)u(P u ∩Gu)×(Pu∩Gu) Y.

Let f : Ŷ (u) → (Pu ∩Gu)u(P u ∩Gu)/(P u ∩ Gu) be the map induced by the �rst pro-
jection. The subgroup P

Ŷ (u)
is de�ned by

Σ(P
Ŷ (u)

) = (Σ(PY ) ∩ Supp(u)c) ∪ ∂ Supp(u) ∪ (Σ(Pu) ∩ Supp(u)).

Lemma 7.1 ([Per07], Lemma 5.1). (i) The morphism f is a locally trivial �bration

with �ber Y .

(ii) We have the inclusion Pu ∩ Gu ⊂ P
Ŷ (u)

. The action of Pu ∩ Gu on Ŷ (u) extends

to P
Ŷ (u)

.

Proof. We have the inclusion (Pu ∩Gu)u(P u ∩Gu)×Pu∩Gu Y ↪→ Gu ×Pu∩Gu Y . There-
fore, it su�ces to prove that the latter space is locally trivial over Gu/(Pu ∩Gu). Hence,
we may assume u to be the unique maximal element in W/WPu for the Bruhat order.
The morphism f is trivial over the open set BuP u/P u and the action of G gives an open
covering on which f is trivial. That proves (i).

The �rst assertion of (ii) follows from ΣGu(Pu ∩ Gu) = ΣGu(P
Ŷ (u)
∩ Gu). We are done

with the second statement if we can �nd a parabolic subgroup Q ⊆ G such that Q ⊆ PY
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and the natural map (Pu ∩Gu)u(P u ∩Gu)/(P u∩Gu)→ P
Ŷ (u)

uQ/Q is an isomorphism.
We de�ne Q by

Σ(Q) = (Σ(PY ) ∩ Supp(u)c) ∪ (Σ(P u) ∩ Supp(u)).

To get the isomorphism we use Proposition 3.12. In order to do that, we need to use the
following inclusions and equalities.

Pu ∩Gu = P
Ŷ (u)
∩Gu

P
Ŷ (u)
⊆ Pu

Q ∩Gu = P u ∩Gu

De�nition 7.2. (i) An s-tuple ŵ = (w1, . . . , ws) is called a generalized decom-

position of w if w = w1 · · ·wn holds. Furthermore, it is called reduced if the
equation l(w) =

∑s
i=1 l(wi) is true.

(ii) We de�ne a sequence of parabolic subgroups by Ps = Pws and

Σ(Pi) = (Σ(Pi+1) ∩ Supp(wi)
c) ∪ ∂ Supp(wi) ∪ (Σ(Pwi) ∩ Supp(wi))

for i ∈ [1, s− 1].

(iii) The generalized decomposition ŵ is called admissible if Pwi ∩Gwi ⊆ Pi+1 for all
i ∈ [1, s− 1].

(iv) The generalized decomposition ŵ is called good if it is admissible and Pi = Pwi···ws
for all i ∈ [1, s− 1].

In the following ŵ = (w1, . . . , ws) will always denote a reduced admissible generalized
decomposition. We can apply the previous construction inductively as follows. The vari-
ety X̂n(ŵ) is de�ned to be XPwn (wn). For each i ∈ [1, s−1] we de�ne X̂i(ŵ) = Ŷ (wi) for
Y = X̂i+1(ŵ). Moreover, the parabolic subgroup P

X̂i(ŵ)
is given by Pi. Finally, we de�ne

X̂(ŵ) := X̂1(ŵ). In the same way as for the Bott-Samelson variety the multiplication
map π̂ : X̂(ŵ)→ XPw(w) is birational.

Lemma 7.3. The variety X̂(ŵ) is a tower of locally trivial �brations with �bers XPwi (wi).

Proof. This follows directly from Lemma 7.1.

In the (co)minuscule case there is a nice condition for a reduced generalized decomposition
to be good.

De�nition 7.4. We call ŵ = (w1, . . . , ws) (co)minuscule if w is (co)minuscule and wi
is (co)minuscule in Gwi for all i ∈ [1, s].
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Lemma 7.5. Let ŵ = (w1, . . . , ws) be (co)minuscule. Then ŵ is good if and only if

Pwi ∩Gwi ⊆ Pwi+1···ws and ∂ Supp(wi) ⊆ Σ(Pwi···ws) for all i ∈ [1, s− 1].

Proof. Notice that w being (co)minuscule implies wi · · ·ws to be (co)minuscule for all
i ∈ [1, s]. If ŵ is good, then clearly ∂ Supp(wi) ⊆ Σ(Pwi···ws) holds for all i ∈ [1, s − 1].
Therefore, we are done with both directions of the proof if the following implication
holds.

∂ Supp(wi) ⊆ Σ(Pwi···ws) ∀i ∈ [1, s− 1]⇒ Pi = Pwi···ws ∀i ∈ [1, s]

We will prove this by descending induction on i. The case i = s simply follows by
de�nition.

Let α ∈ Σ(Pwi···ws). We showed previously that Σ(Pv) = β(Holes(Qv)) holds for all
(co)minuscule elements v ∈ W . If α ∈ Supp(wi) holds, then α corresponds to a hole
of Qwi , which implies α ∈ Σ(Pwi) ∩ Supp(wi) ⊆ Σ(Pi). For α ∈ ∂ Supp(wi) we clearly
have α ∈ Σ(Pi). Finally, if α ∈ Supp(wi)

c ∩ ∂ Supp(wi)
c, then α corresponds to a hole

of Qwi+1···ws . By induction we get

α ∈ Σ(Pwi+1···ws) ∩ Supp(wi)
c = Σ(Pi+1) ∩ Supp(wi)

c ⊆ Σ(Pi).

Let α ∈ Σ(Pi). If α ∈ Supp(wi), then α is a hole of Qwi , hence a hole of Qwi···ws . That
implies α ∈ Σ(Pwi···ws). For α ∈ ∂ Supp(wi) the hypothesis implies α ∈ Σ(Pwi···ws). If
α ∈ Supp(wi)

c∩∂ Supp(wi)
c, then α ∈ Σ(Pi+1) = Σ(Pwi+1···ws) by induction. Therefore,

α corresponds to a hole of Qwi···ws , which implies α ∈ Σ(Pwi···ws).

Lemma 7.6 ([Per07], Lemma 5.6). Let ŵ be (co)minuscule and i ∈ [1, s − 1]. Assume

further that for all β ∈ Supp(wi) and β′ ∈ Supp(wi+1) the equality 〈β∨, β′〉 = 0 holds.

The decompositions ŵ′ and ŵ′′ de�ned by

w′k =


wk , if k ∈ [1, s]\{i, i+ 1}
wi+1 , if k = i

wi , if k = i+ 1

, w′′k =


wk , if k ∈ [1, i− 1]

wiwi+1 , if k = i

wk+1 , if k ∈ [i+ 1, s− 1]

are (co)minuscule reduced admissible generalized decomposition. There are isomorphisms

X̂(ŵ) ∼= X̂(ŵ′) ∼= X̂(ŵ′′), which respects the multiplication map to XPw(w).

Proof. The claim on the decompositions is a simple calculation using the de�nition of
being admissible. For the second statement we have to deal with the following situation.
Let A, B be parabolic subgroups of a semisimple group G and C, D be parabolic sub-
groups of a semisimple group G′. Assume that B and D act on a variety X such that
their actions commute. Moreover, u is an element of the Weyl group of G and v is an
element of the Weyl group of G′. Then we consider the variety AuB ×B (CvD ×D X),
where B acts on CvD ×D X by acting on X. There are the following isomorphisms.

AuB ×B (CvD ×D X) ∼= (A× C)uv(B ×D)×B×D X
∼= CvD ×D (AuB ×B X)
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That concludes the proof.

We prove now that the Bott-Samelson resolution factors through the variety X̂(ŵ). Let
w̃i = (s1,i, . . . , sri,i) be a reduced decomposition of wi for all i ∈ [1, s].

Lemma 7.7 ([Per07], Lemma 5.7). The expression w = (
∏i
k=1

∏rk
j=1 sj,k)

∏n
k=i+1wk

is an admissible generalized reduced decomposition for all i ∈ [1, s]. We denote it by

w̃′i = (w′1, . . . , w
′
N ).

Proof. Clearly, w̃′i is reduced. Because w̃ is admissible we have Pw
′
k ∩Gw′k ⊆ Pk+1 for all

k ∈ [N−n+i,N−1]. For k ∈ [1, N−n+i−1] there is β ∈ S such that w′k = sβ and Gw′k
is the semisimple group of rank 1 containing Uβ . That implies Pw

′
k ∩Gw′k ⊆ B ⊆ Pk+1.

Therefore, the expression w̃′i is admissible.

For all β ∈ S we have

XB(sβ) = BsβB/B ∼= (Psβ ∩Gsβ )sβ(P sβ ∩Gsβ )/(P sβ ∩Gsβ ).

Therefore, X̂(ŵ′n) is the Bott-Samelson variety. We have a map πi : X̃(w̃′i) → X̃(w̃′i−1)
induced by the multiplication map

ri∏
j=1

(Psj,i ∩Gsj,i)sj,i(P sj,i ∩Gsj,i)→ (Pwi ∩Gwi)wi(Pwi ∩Gwi).

Moreover, we denote the morphism π̂1 ◦ . . . ◦ π̂n : X̃(w̃)→ X̂(ŵ) by π̃.

Proposition 7.8 ([Per07], Proposition 5.9). The map π̃ is birational and the Bott-

Samelson resolution π : X̃(w̃)→ XPw(w) factors through π̃.

Proof. The same proof as for the Bott-Samelson resolution shows that π̃ is birational.
The second statement follows because it doesn't matter in which order we multiply.

We are going to generalize the description of the Bott-Samelson variety in Proposi-
tion 4.7 to X̂(ŵ). The map φ : G ×Pw1 . . . ×Pws−1

G/Pws →
∏s
i=1G/P

wi given by
(g1, . . . , gs) 7→ (g1, g1g2, . . . , g1 · · · gs) is an isomorphism. Indeed, the inverse map is

given by (x1, . . . , xs) 7→ (g1, g
−1
1 g2, . . . , g

−1
s−1gs). We identify X̂(ŵ) with it's image under

φ.

De�nition 7.9. By m(Qw) we denote the set of minimal elements of Qw. The set
mŵ(Qw) is the union

⋃s
i=1m(Qwi).

Let ŵ be (co)minuscule. Then for m ∈ m(Qwi) the equality P
wi = P βm holds. Without

much di�culty we can see that the projection
∏s
i=1

∏ri
j=1G/P

βi,j →
∏
i∈mŵ(Qw)G/P

βi

indcues the map π̃.
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De�nition 7.10. By pŵ(Qw) we denote the set
⋃s
i=1 p(Qwi).

Proposition 7.11 ([Per07], Corollary 5.11). Let ŵ be (co)minuscule.

(i) Let K ⊆ [1, r]. The variety ZK is not contracted by π̃ if and only if for all i ∈ [1, s]
the subword of wi obtained by removing sβj for all j ∈ K is reduced.

(ii) The divisor class group of X̂(ŵ) is the free abelian group generated be the classes

π̃∗(ξj) for all j ∈ pŵ(Qw).

(iii) The group of curves modulo linear equivalence A1(X̂(ŵ)) is the free abelian group

generated by π̃∗([Cj ]) for all j ∈ mŵ(Qw).

Proof. This proposition follows from the fact that X̂(ŵ) is de�ned as a tower of locally
trivial �brations with �bers XPwi (wi). Part (i) follows from Proposition 4.26. The
other two statements follow from Theorem 3.8. The fact that the decomposition is
(co)minuscule is only needed for the concrete description as images of π̃.

7.2 Decompositions of Cominuscule Quivers

Keeping the notation of last chapter, we want to �nd cominuscule good generalized
reduced decompositions. Let G be a group with root system Cn and P the maximal
parabolic subgroup with Σ(P ) = {αn}, where αn is the long simple root (see [Bou68]
notations). All the statements in this section have corresponding results in the simply
laced minuscule case due to [Per07]. Let w ∈W be a cominuscule element.

De�nition 7.12. (i) Let q ∈ Qw be the biggest vertex with βq = αn. We de�ne

p′(Qw) =

{
p(Qw) ∪ {q} , if αn−1 ∈ β(p(Qw))

p(Qw) , otherwise.

(ii) Let A ⊆ p′(Qw). Then we de�ne the set

Q̂w(A) = {i ∈ Qw | ∃j ∈ p′(Qw)\A, i � j}.

The complement is denoted by Qw(A) := Qw\Q̂w(A).

We show that these subquivers correspond again to cominuscule elements.

Proposition 7.13. Let A ⊆ p(Qw) ⊂ p′(Qw).

(i) If #A = 1, then Qw(A) is connected.

(ii) The subquiver Q̂w(A) corresponds to a cominuscule element.
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(iii) The equalities p′(Qw(A)) = p(Qw(A)) = A and p′(Q̂w(A)) = p′(Qw)\A hold.

(iv) Each connected component C of Qw(A) corresponds to a cominuscule element in

the Weyl group of the semisimple group containing Uα for all α ∈ β(C).

Proof. The �rst and third statement are obvious. The second claim follows directly from
Theorem 5.9. We are left to prove the fourth statement. This will be done in several
steps. First we prove that C has a unique minimal element. This can be used to show
that C ful�lls the properties of Lemma 5.14.

Assume there are two di�erent minimal elements j1 6= j2 of C. Let j1 = i0, i1, . . . , il = j2
be a sequence of vertices in C such that for all k ∈ [0, l−1] there is an arrow connecting ik
and ik+1. We can choose this sequence such that l is minimal. Moreover, let x ∈ [1, l−1]
be minimal such that ix � ix−1 and ix � ix+1. Such an x exists because j1 and j2 are
both minimal elements. By the minimality of l we also have ix−1 6= ix+1. Therefore,
Lemma 5.14 yields the existence of s(ix) as an element of Qw. But by Proposition 6.1
there is no other vertex than ix−1 and ix+1 in Qw with an arrow to s(ix). That means
s(ix) is in C. Replacing ix in the sequence by s(ix) we get a new sequence where x is
reduced by 1. Repeating this process we get a sequence with i1 � i0 and i1 � i2. By the
same argument we have s(i1) ∈ C and get a contradiction to j1 being minimal. Hence,
there is a unique minimal element in C.

Next we prove the three properties of Lemma 5.14.

(i) We need to prove that the unique minimal vertex in C corresponds to the simple
root of a cominuscule fundamental weight in the Weyl group of the semisimple
group containing Uα for α ∈ β(C). Let m be the minimal vertex in C and αn the
long simple root. Since in the root system of type An all fundamental weights are
cominuscule and in the Cn case only the fundamental weight corresponding to αn
is cominuscule, we need to prove the following implication.

βm 6= αn ⇒ αn /∈ β(C)

Let βm 6= αn and assume αn ∈ β(C). Then we can choose k ∈ C minimal such that
βk = αn. By Proposition 6.1 there is a unique vertex j ∈ Qw with an arrow coming
from k. Due to k not being minimal we get j ∈ C. Again by Proposition 6.1 the
only arrow ending in s(k) comes from j. But that implies s(k) ∈ C contradicting
the minimality of k.

(ii) Let k ∈ C be any element which is not minimal. Assume s(k) doesn't exist in
C. Then there are two possibilities. On the one hand, assume that s(k) doesn't
exist in Qw. By Lemma 5.14 there is a unique arrow from k to a vertex j ∈ Qw.
Because k is not minimal we get j ∈ C. On the other hand, assume that s(k) does
exists, but is not a vertex of C. Again using Proposition 5.14 there are at most
two vertices k1, k2 ∈ Qw with an arrow coming from k. Since k is not minimal one
of k1 and k2 has to be in C. But these are the only vertices with an arrow to s(k).
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Since s(k) is not an element of C, we get k1 6= k2 and k1 /∈ C or k2 /∈ C. But that
means exactly one of them is in C.

(iii) Let k ∈ C be any element which is not minimal. Assume s(k) exists as an element
of C. Again there are at most two di�erent vertices k1 and k2 between k and s(k).
If k1 /∈ C or k2 /∈ C, then s(k) /∈ C which contradicts the assumption.

Thus, C corresponds to a cominuscule element.

Having this proposition in mind we are able to decompose the quiver such that we get
a cominuscule good generalized reduced decomposition. Let (Ai)i∈[1,s] be a partition of
p′(Qw). If there is a vertex p ∈ p(Qw) with βp = αn−1 and q is the biggest vertex such
that βq = αn, then we assume the condition

p ∈ Ak, q ∈ Al ⇒ k < l. (7.1)

Inductively, we de�ne Q0 := Qw and Qi := Q̂i−1(Ai) for all i ∈ [1, s]. Note, that this
depends on the ordering of the sets Ai.

Lemma 7.14. By setting Qwi := Qi−1(Ai) we get a cominuscule good generalized reduced

decomposition ŵ = (w1, . . . , ws) of w. Moreover, the equality p′(Qw) = pŵ(Qw) holds.

Proof. Except from the fact that ŵ is good everything follows easily from the last propo-
sition. To show that ŵ is good we will use Lemma 7.5.

(i) At �rst, we show the inclusion Pwi ∩ Gwi ⊆ Pwi+1···ws . This follows from the
following implication.

j ∈ Holes(Q̂i−1(Ai)), βj ∈ Supp(wi)⇒ p(j) exists and is minimal in Qi−1(A)

The existence of p(j) follows from βj ∈ Supp(wi). There are one or two vertices
between j and p(j). Due to j being a hole, they are both in Q̂i−1(A). But that
means no element in Qi−1(A) is smaller than p(j).

(ii) To conclude the proof we need to show the inclusion ∂ Supp(wi) ⊆ Σ(Pwi···ws). Let
α ∈ ∂ Supp(wi). If we have α /∈ Supp(wi · · ·ws), then α corresponds to a virtual
hole and we are done. If α ∈ Supp(wi · · ·ws), then there is a vertex j ∈ Qwi···ws such
that βj = α. We choose j to be the biggest such vertex. Because βj ∈ ∂ Supp(wi),
there is a vertex k ∈ Qwi with an arrow to j. The maximality of j implies that p(j)
does not exist. Assume that j is not a hole of Qwi···ws . Then k is the only vertex
with an arrow to j and we get j ∈ Qwi . That is a contradiction to βj ∈ ∂ Supp(wi).
Therefore, we have α = βj ∈ Σ(Pwi···ws).

Therefore, ŵ is indeed good.

We want to investigate further into some special cases of the last construction.
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De�nition 7.15. We say that a partition (Ai)i∈[1,s] of p
′(Qw) satisfying (7.1) is of

construction 1 if #Ai = 1 for all i ∈ [1, s].

Before we can introduce further constructions we need to prove some other results �rst.

Lemma 7.16. Let ŵ be obtained from construction 1. Assume that j, k ∈ mŵ(Qw) are

vertices such that there is an x ∈ Qw with x � j and x � k. Then we have either j � k
or k � j.

Proof. There are a, b ∈ [1, s] such that j ∈ Qwa and k ∈ Qwb . We prove the lemma by
induction on (a, b) via the following ordering on [1, s]2. The relation (i, j) ≤ (k, l) holds if
max{i, j} < max{k, l} or the two inequalities max{i, j} ≤ max{k, l} and |i− j| ≤ |k− l|
hold. If the equality a = b holds, then we have j = k.

Assume a 6= b holds. Let x ∈ Qw be a minimal vertex for the condition x � j and x � k.
Assume j 6= x 6= i. By Lemma 5.14 there are in between one or two arrows starting in x.
If there would be a unique arrow starting in x, we get a contradiction to the minimality
of x. Therefore, there are two arrows starting in x ending in some vertices y1, y2 ∈ Qw.
Again using the minimality of x we can assume without loss of generality that we have
the relations y1 � j, y1 6� k, y2 6� j and y2 � k. Because there are two arrows starting in
x, the successor s(x) exists. If the relation s(x) � j holds, then we get the contradiction
y2 � j. Therefore, the relation s(x) 6� j holds. The same argument yields s(x) 6� k.

There are c, d, e ∈ [1, s] such that s(x) ∈ Qwc , y1 ∈ Qwd and y2 ∈ Qwe . Due to
s(x) ≺ y1, y2 the inequalities c ≥ d and c ≥ e hold. Similarly, we have a ≥ d and b ≥ e.
Because ŵ is of construction 1, there is a unique peak p of Qwc . Therefore, we have
the relation s(x) � p. Since the only vertices with arrows to s(x) are y1 and y2 (see
Proposition 6.1), we also have p � y1 or p � y2. That implies c ≤ d or c ≤ e. Hence, we
established c = d or c = e. Without loss of generality we may assume c = d.

At this point we distinguish between several cases.

(i) Assume the equalities c = d = a hold. The vertex j is minimal in Qwa which gives
the contradiction y2 � s(x) � j.

(ii) Assume c = d < a < b. Let m be the minimal vertex in Qwc . Then we have
the relations x � s(x) � m and x � j. We use induction ((c, a) < (a, b)) to get
m � j or m � j. But now c < a implies m � j. That gives the contradiction
y2 � s(x) � m � j.

(iii) Assume b < c = d < a. Then we have (c, a) < (a, b). Therefore, we can do the
same as in the second case.

(iv) Assume c = d ≤ b < a. Then we have the relations x � s(x) � m and x � k.
We use induction ((c, b) < (a, b)) to get m � k or m � k. But now c < b implies
m � k. That gives the contradiction y1 � s(x) � m � k.
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These are all possible cases which concludes the proof.

Corollary 7.17. Let ŵ be obtained from construction 1 and i ∈ mŵ(Qw)\m(Qw). Then
the element

f(i) := max{j ∈ mŵ(Qw) | i � j}

exists.

Proof. The preceding lemma shows that {j ∈ mŵ(Qw) | i � j} is totally ordered. The
�niteness of mŵ(Qw) proves the lemma.

In construction 1 every quiver Qwi has a unique peak. Therefore, we de�ne f on the
peaks as follows. For p ∈ p(Qwi) let m be the corresponding minimal element Qwi . Then
f(p) is de�ned to be the peak above f(m). With this in mind we are able to give two
new constructions as a special case of construction 1.

The following idea of a neat ordering was �rst introduced in [Zel83].

De�nition 7.18. (i) An ordering (i1, . . . , is) on the set of peaks of Qw is called neat
if for all k ∈ [1, s−1] the inequality h(ik) ≤ h(f(ik)) holds. A partition (Ai)i∈[1,s] is
called of construction 2 if it is obtained from a neat ordering using construction
1.

(ii) An ordering (i1, . . . , is) on the set of peaks of Qw is called kind of neat if for all
k ∈ [1, s− 1] the inequality h′(ik) ≤ h′(f(ik)) holds. A partition (Ai)i∈[1,s] is called
of construction 3 if it is obtained from a kind of neat ordering using construction
1.

Let us give some examples of these decompositions.

Example 7.19. (i) The following decomposition in the C6 case is of construction 2,
but not 3.

◦
◦ ◦ ◦
◦ ◦
◦ ◦
◦
◦

(ii) This decomposition in the C5 case is of construction 3, but not 2.

◦
◦ ◦ ◦
◦ ◦
◦ ◦
◦
◦
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(iii) The third decomposition in the C6 case is of construction 1, but neither 2 nor 3.

◦
◦ ◦ ◦
◦ ◦
◦ ◦
◦
◦

(iv) This last decomposition in the C4 case is of construction 3, but not 2.

◦ ◦
◦ ◦
◦
◦
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8 Relative Mori Theory of Cominuscule
Schubert Varieties

In this chapter we describe all relative minimal models of cominuscule Schubert varieties
in the Cn and Bn case. This will be done by mimicking the approach for minuscule
Schubert varieties in [Per07]. As Mori theory is only developed in characteristic zero, we
need to assume k = C. For more background on Mori theory we refer to [Mat02]. After
establishing some general results we will deal with the Cn and Bn cases separately.

Let ŵ be a cominuscule good reduced generalized decomposition of an element w ∈ W .
Recall from previous chapters that we have the following commutative diagram.

X̃(w̃)
π̃ //

π

$$

X̂(ŵ)

π̂
��

XPw(w)

For all i ∈ pŵ(Qw) we denote D̂i := π̃∗(ξi). In Proposition 7.11 we proved the iso-
morphisms

A1(X̂(ŵ)) ∼=
⊕

i∈pŵ(Qw)

Z · D̂i

and
A1(X̂(ŵ)) ∼=

⊕
i∈mŵ(Qw)

Z · π̃∗[Ci].

We have also seen that X̂(ŵ) can be identi�ed with a subvariety of
∏
i∈mŵ(Qw)G/P

βi .

Therefore, there is a map pi : X̂(ŵ) → G/P βi induced by the corresponding projection
for all i ∈ mŵ(Qw). We de�ne the sheafMi as p∗iO(1). By the de�nition of the sheaf Li
on the Bott-Samelson variety X̃(w̃) it is not hard to see that π̃∗Mi = Li holds.

Lemma 8.1. A basis of Pic(X̂(ŵ)) is given by (Mi)i∈mŵ(Qw).

Proof. The variety X̂(ŵ) has been de�ned via a tower of locally trivial �bration with
�bers being cominuscule Schubert varieties. These Schubert varieties have a Picard group
isomorphic to Z. TheMi correspond to the generators of them.

A dual basis for curves can be given as follows.
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8 Relative Mori Theory of Cominuscule Schubert Varieties

Lemma 8.2. A basis of A1(X̂(ŵ)) dual to (Mi)i∈mŵ(Qw) is given by (π̃∗(Yi))i∈mŵ(Qw).

Proof. It su�ces to show the duality. We have the equalities

π̃∗([Yi]) · Mj = π̃∗([Yi] · π̃∗Mj)

= π̃∗([Yi] · Lj).

Indeed, the corresponding result on the Bott-Samelson variety concludes the lemma.

Proposition 8.3. A basis of the cone of e�ective curves of the variety X̂(ŵ) is given by

(π̃∗(Yi))i∈mŵ(Qw). A basis of the closure of the ample cone is given by (Mi)i∈mŵ(Qw).

Proof. On the one hand, the embedding X̂(ŵ) ↪−→
∏
i∈mŵ(Qw)G/P

βi is induced by⊗
i∈mŵ(Qw)Mi. Therefore, the cone generated by theMi is contained in the closure of

the ample cone.

On the other hand, let A be any ample divisor on X̂(ŵ). Then we have ai := A·π̃∗[Yi] > 0
for all i ∈ mŵ(Qw). The divisor A−

∑
i∈mŵ(Qw) aiMi is numerically trivial. Therefore,

A is in the cone generated by theMi.

Duality gives the result on curves.

8.1 The Cn-Case

LetG be a semisimple linear algebraic group with root system of type Cn. By P we denote
the maximal parabolic subgroup corresponding to the unique longest simple root αn. In
this whole section ŵ = (w1, . . . , ws) is a generalized reduced expression of construction
1. The goal is to prove that the relative minimal models of a Schubert variety XP (w)
are exactly given by the varieties X̂(ŵ), where ŵ is obtained by construction 3. In order
to do this we will �rst give more explicit formulas for the involved sheaves and second
do the needed computations.

Proposition 8.4. Let i ∈ mŵ(Qw). Then we have the equality

Mi =


∑

k∈pŵ(Qw)

k�i,βk 6=αn
2D̂k +

∑
k∈pŵ(Qw)

k�i,βk=αn
D̂k , if βi = αn∑

k∈pŵ(Qw)

k�i
D̂k , otherwise.

Proof. Due to X̂(ŵ) being normal we get the equality π̃∗OX̃(w̃)
= O

X̂(ŵ)
. The projection

formula yields π̃∗Li = Mi. We de�ne the set Ai := {k ∈ pŵ(Qw) | k � i}. By
Proposition 7.13 the subquiver Qw(Ai) is cominuscule with unique minimal element i.
For any vertices j, k ∈ Qw with neither k 6� i nor k 6� i the equality 〈γ∨k , γi〉 = 0 holds
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8 Relative Mori Theory of Cominuscule Schubert Varieties

by the propositions 6.2 and 6.21. Therefore, we can calculate Mi using Proposition
4.36 by only looking at Qw(Ai). The result follows from Proposition 6.4 if βi = αn and
Proposition 6.23 otherwise.

Because X̂(ŵ) is de�ned via a tower of locally trivial �bration we get the following lemma.

Lemma 8.5. The variety X̂(ŵ) is locally (Q-)factorial if and only if XPwi (wi) is locally
(Q-)factorial. In particular, X̂(ŵ) is locally Q-factorial if ŵ is obtained from construction

1.

We want to compute the canonical divisor of X̂(ŵ). We need the following proposition
in order to do this.

Proposition 8.6. The morphism π̃ : X̃(w̃)→ X̂(ŵ) is rational.

Proof. In Section 7.1 we decomposed the map π̃ into a sequence of maps πi that are
induced by Bott-Samelson resolutions on the �ber. The result follows because the Bott-
Samelson resolution is rational.

Using Corollary 6.5 we get the following corollary.

Corollary 8.7. We have the equality

−2K
X̂(ŵ)

=
∑

i∈pŵ(Qw),βi=αn

(h′(i) + 2)D̂i +
∑

i∈pŵ(Qw),βi 6=αn

2(h′(i) + 2)D̂i.

Since every quiver Qwi has a unique peak pi, we write h′(wi) := h′(pi). We can
give a description of K

X̂(ŵ)
in terms of the Mi. Recall that we have the function

f : mŵ(Qw)\m(Qw)→ mŵ(Qw) given by i 7→ max{j ∈ mŵ(Qw) | i � j}.

Corollary 8.8. We have the equality

−2K
X̂(ŵ)

=
∑

i∈mŵ,βi=αn

(h′(wi)− h′(wf(i)))Mi +
∑

i∈mŵ,βi 6=αn

2(h′(wi)− h′(wf(i)))Mi,

where h′(wf(i)) = −2 if f(i) is not de�ned. In particular, X̂(ŵ) is Q-Gorenstein.

Proof. This is just an induction on s = #mŵ(Qw).

Notice, that the fact that X̂(ŵ) is Q-Gorenstein was already known because it is locally
Q-factorial. This corollary enables us to prove the next proposition. We refer to [Mat02]
for de�nition of terminal singularities.

Proposition 8.9. The variety X̂(ŵ) has at most terminal singularities.
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8 Relative Mori Theory of Cominuscule Schubert Varieties

Proof. For any i ∈ Qw we de�ne

λi :=

{
1 , if βi = αn

2 , if βi 6= αn.

We have the equality

−2π̃∗K
X̂(ŵ)

=
∑
i∈mŵ

λi(h
′(wi)− h′(wf(i)))Li.

Moreover, we can use the same argumentation as in Proposition 8.4 to get the equality

Li =

{∑
k�i λiξk , if βi = αn∑
k�i ξk , otherwise.

Therefore, we can compute

−2π̃∗K
X̂(ŵ)

=
∑

i∈mŵ(Qw)

∑
k�i

λk(h
′(wi)− h′(wf(i)))ξk

=
∑

i∈mŵ(Qw)

∑
k∈Qwi

λk(h
′(wi) + 2)ξk.

Subtracting yields the equality

2(K
X̃(w̃)

− π̃∗K
X̂(ŵ)

) =
∑

i∈mŵ(Qw)

∑
k∈Qwi

λk(h
′(wi)− h′(k))ξk.

We have the inequality h′(wi)−h′(k) ≥ 0 with equality if and only if k ∈ Qwi is the peak
of Qwi . The proposition follows because ξk is contracted if and only if k /∈ pŵ(Qw).

At this point we can compute some relative minimal models of XP (w). Later we show
that they are indeed all relative minimal models in the same birational class as XP (w).
Recall from [Mat02] that a projective variety Y with a morphism ϕ : Y → XP (w)
is called a relative minimal model of XP (w) if Y is normal with only Q-factorial and
terminal singularities and the canonical divisor KY is ϕ-nef, i.e. [KY ] · [C] ≥ 0 for all
curves C ⊆ Y contracted by ϕ.

Theorem 8.10. If ŵ is obtained from construction 3, then X̂(ŵ) is a relative minimal

model of XP (w).

Proof. The only condition which is left to prove is that K
X̂(ŵ)

is π̂-nef. Using Proposition

8.3 we only need to deal with the case C = π̃∗[Yi] for some i ∈ mŵ(Qw). We have the
equality

[K
X̂(ŵ)

] · π̃∗[Yi] =

{
h′(wf(i))− h′(wi) , if βi = αn

2(h′(wf(i))− h′(wi)) , if βi 6= αn.

This is greater or equal to zero for all i ∈ mŵ(Qw)\m(Qw), where π̃∗[Yi] is contracted.
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8 Relative Mori Theory of Cominuscule Schubert Varieties

We have proven that the cone of e�ective curves modulo numerical equivalence NE(X̂(ŵ))
is generated by (π̃∗[Yi])i∈mŵ(Qw). Recall that the cone theorem ([Mat02] Theorem 7-2-1)
says

NE(X̂(ŵ)) = {z ∈ NE(X̂(ŵ)) | K
X̂(ŵ)

· z ≥ 0}+
∑

Rl,

where the Rl are discrete in

{z ∈ NE(X̂(ŵ)) | K
X̂(ŵ)

· z < 0}

and Rl = R+[l] for some curve l ⊆ X̂(ŵ). The Rl are called extremal rays. Replacing
K
X̂(ŵ)

by K
X̂(ŵ)

+ εD for any e�ective Q-Cartier divisor D and 0 < ε << 1 gives the

de�nition of (K
X̂(ŵ)

+ εD)-extremal rays. Our next step is to compute these rays.

Lemma 8.11. Let D be any e�ective divisor of X̂(ŵ) that is Q-Cartier. Then the

(K
X̂(ŵ)

+εD)-extremal rays are generated by the classes π̃∗[Yj ] for j ∈ mŵ(Qw) such that

(K
X̂(ŵ)

+ εD) · π̃∗[Yj ] < 0.

Proof. Let [C] =
∑

i∈mŵ(Qw) aiπ̃∗[Yi] be any e�ective divisor. We denote by µj (resp.
νk, ωl) the π̃∗[Yi] such that (K

X̂(ŵ)
+ εD) · π̃∗[Yj ] < 0 (resp. (K

X̂(ŵ)
+ εD) · π̃∗[Yj ] > 0,

(K
X̂(ŵ)

+ εD) · π̃∗[Yj ] = 0). For all j, k we have positive coe�cients xj,k, yj,k such that

(K
X̂(ŵ)

+ εD) · (xj,kµj + yj,kνk) = 0. Assume that (K
X̂(ŵ)

+ εD) · [C] < 0 holds. It is not

hard to see that [C] has to be a linear combination with positive coe�cients of the classes
(µj), (xj,kµj+yj,kνk) and (ωl). Therefore, the classes (µj) are the (K

X̂(ŵ)
+εD)-extremal

rays.

The next step is to compute all the relative �ops of the minimal models computed in
Theorem 8.10 (see again [Mat02] for a de�nition). Let (p1, . . . , ps) be a kind of neat
ordering of p′(Qw). Assume that the generalized decomposition ŵ is obtained from this
ordering via construction 3. For any i ∈ [1, s − 1] with βpi 6= αn−1 or βpi+1 6= αn we
de�ne qk = pk for k ∈ [1, s]\{i, i + 1}, qi = pi+1 and qi+1 = pi. Let ŵ′ = (w′1, . . . , w

′
s)

be the generalized reduced decomposition obtained from construction 1 via the ordering
(q1, . . . , qs). A third decomposition ŵ′′ = (w′′1 , . . . , w

′′
s−1) shall be given by w′′k = wk for

k ∈ [1, i−1], w′′i = wiwi+1 and w′′k = wk+1 for k ∈ [i+1, s−1]. That means ŵ′′ is obtained
by the partition (Ak)k∈[1,s−1] of the peaks of Qw given by Ak = {pk} for k ∈ [1, i − 1],
Ai = {i, i+ 1} and Ak = {k + 1} for k ∈ [i+ 1, s− 1]. We have morphisms

ϕ : X̂(ŵ)→ X̂(ŵ′′), ϕ′ : X̂(ŵ′)→ X̂(ŵ′′)

induced by multiplication. For the de�nition of �ops see again [Mat02].

Proposition 8.12. There are elements ki ∈ m(Qwi), k
′
i ∈ m(Qw′i), ki+1 ∈ m(Qwi+1)

and k′i+1 ∈ m(Qw′i+1
). Moreover, let D := D̂pi+1 and D′ := D̂′qi .

(i) If ki 6� ki+1 (i.e. f(i) 6= i+ 1), then ϕ and ϕ′ are isomorphisms.
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8 Relative Mori Theory of Cominuscule Schubert Varieties

(ii) If ki � ki+1 (i.e. f(i) = i + 1) and K
X̂(ŵ)

· π̃∗[Yki ] = 0, then ϕ (resp. ϕ′) is the

contraction corresponding to the (K
X̂(ŵ)

+ εD)-extremal ray R+π̃∗[Yki ] (resp. the

(K
X̂(ŵ′) + εD′)-extremal ray R+π̃∗[Yk′i ]). Moreover, (ϕ′, D′) is the relative �op of

(ϕ,D).

Proof. The hypothesis of the �rst statement yields the hypothesis of Lemma 7.6. There-
fore, ϕ and ϕ′ are isomorphisms.

In the second case, we know that X̂(ŵ) and X̂(ŵ′) are normal, projective varieties
with only Q-factorial and terminal singularities. Moreover, the morphisms ϕ and ϕ′

are birational onto the normal, projective variety XP (w).

Descending induction on the ordering of mŵ(Qw) together with Proposition 8.4 yields
π̃∗[Yki ] · D̂pi > 0, π̃∗[Yki ] · D̂pi+1 < 0 and π̃∗[Yki ] · D̂pk = 0 for all k ∈ mŵ(Qw)\{ki} with
k � ki+1. Therefore, π̃∗[Yki ] is extremal for K

X̂(ŵ)
+ εD.

The group of Weil divisors of X̂(ŵ) and X̂(ŵ′) has a basis indexed by p′(Qw). Because
βpi 6= αn−1 or βpi+1 6= αn that is also the case for X̂(ŵ′′). Thus no divisors are contracted
by ϕ or ϕ′ and both morphisms are Mori-small. By our description of the Picard group
in Lemma 8.1 the relative Picard numbers are ρ(X̂(ŵ)/X̂(ŵ′′)) = ρ(X̂(ŵ′)/X̂(ŵ′′)) = 1.

By assumption we have the equality K
X̂(ŵ)

· π̃∗[Yki ] = 0. Therefore, K
X̂(ŵ)

is ϕ-trivial.

That also implies the equality h′(wi) = h′(wi+1), which shows K
X̂(ŵ′) · π̃∗[Yk′i ] = 0. Thus

K
X̂(ŵ′) is ϕ

′-trivial. We already showed D · π̃∗[Yki ] < 0, which means −D is ϕ-ample.
We have the following commutative diagram.

X̃(w̃)
π̃ //

π̃′

��

X̂(ŵ)

ϕ
��

X̂(ŵ′)
ϕ′
// X̂(ŵ′′)

Thus, the strict transform of D is given by π̃′∗π̃
∗D. We have the equality π̃∗D = ξpi+1 +E

for some divisor E contracted by ϕ. Moreover, the equality π̃′∗(ξpi+1 + E) = D′ holds.
Therefore, D′ is the strict transform of D. Similarly as before we get D′ · π̃∗[Yk′i ] > 0.
That means D′ is ϕ′-ample.

Corollary 8.13. (i) The varieties X̂(ŵ) obtained from construction 3 are linked by

�ops.

(ii) Any variety obtained from a construction 3 variety X̂(ŵ) via any �op is again of

construction 3.

Proof. The �rst part follows because the �ops described in the last proposition link
those varieties. All varieties from construction 3 are relative minimal models. Therefore,
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8 Relative Mori Theory of Cominuscule Schubert Varieties

the only possibility to get a �op is the contraction of a curve π̃∗[Yj ] for j ∈ mw̃(Qw)
with K

X̃(w̃)
· π̃∗[Yj ] = 0. We handled all those contractions in the previous proposition

except for one. That is the map ϕ almost as above, but with the property βpi = αn−1
and βpi+1 = αn. However, that contraction is not small because the divisor Dpi+1 is
contracted.

Now we are able to prove the main result of this section.

Theorem 8.14. The relative minimal models of XP (w) birational to XP (w) are exactly
the varieties X̃(w̃) obtained from construction 3.

Proof. We already showed that these varieties are relative minimal models birational to
XP (w). The last two results show that the conjectures existence and termination of �ops
(see [Mat02]) hold for these minimal models. We want to use Theorem 12-1-8 in [Mat02]
to get the result. That theorem requires existence and termination of �ops to hold in
general. However, everything used in the proof has already been proven by us in the
situation of XP (w).

8.2 The Bn-Case I

The next goal is to obtain the results of the last section in the Bn-case. We will do
this separately for two sets of Schubert varieties. Let G be a semisimple linear algebraic
group with root system Bn. By P we denote the maximal parabolic subgroup of G
corresponding the simple root α1 (see [Bou68] for notation). Let w be a cominuscule
element of the Weyl group of G with w 6= sαn · · · sα1 . Let p be the unique peak of Qw.
We will show that XP (w) itself is the only relative minimal model of XP (w) birational
to XP (w).

Proposition 8.15. The variety XP (w) has only terminal singularities.

Proof. By our assumption on w we get βp 6= αn. By Proposition 6.19 we have the equality

−KXP (w) =

{
h(p)Dp , if ∃t ∈ Qw with βt = αn and p � t
(h(p) + 1)Dp , otherwise.

As always π : X̃(w̃) → XP (w) is the Bott-Samelson resolution. Because βp 6= αn, the
divisor Dp is the ample generator of the Picard group of XP (w) (for βp = αn it is 2DP ).
Therefore, we can use Proposition 6.15 to get the equality

π∗(Dp) =
∑

i∈Qw,βi 6=αn

ξi +
∑

i∈Qw,βi=αn

2ξi.
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Together with the description of K
X̃(w̃)

in Corollary 6.16 we get

K
X̃(w̃)
−π∗KXP (w) =


2(h(p)− h(t))ξt +

∑
i�t(h(p)− h(i))ξi

+
∑

i≺t(h(p)− h(i)− 1)ξi , if ∃t ∈ Qw with βt = αn∑
i∈Qw(h(p)− h(i))ξi , otherwise.

The coe�cients of the ξi are all positive except for ξp which is not contracted by π.
Therefore, XP (w) has only terminal singularities.

We get the main result of this section.

Theorem 8.16. The variety XP (w) is the unique relative minimal model of XP (w)
which is birational to XP (w).

Proof. The variety XP (w) is locally Q-factorial (see Corollary 6.18) and has terminal
singularities. Therefore, XP (w) is a relative minimal model of itself.

The identity obviously contracts no curves. Therefore, there are no �ops. That means
existence and termination of �ops hold trivially for XP (w). As in the Cn-case we use
Theorem 12-1-8 in [Mat02] to conclude the proof.

8.3 The Bn-Case II

In this section we deal with the remaining cominuscule case. Let G be a semisimple
linear algebraic group with root system Bn. By P we denote the maximal parabolic
subgroup corresponding to the simple root α1. Let w be the element of the Weyl group
given by sαn · · · sα1 . Proposition 6.1 shows that w is cominuscule. In contrast to the rest
of the Bn-case we will need to cut the quiver in order to get a relative minimal model.
However, there will still be only a unique relative minimal model of XP (w) birational to
XP (w). By ŵ we denote the cominuscule good reduced generalized decomposition given
by (sαn , sαn−1 · · · sα1). To keep notation of previous chapters we set βi = αn−i+1 for all
i ∈ [1, n]. Then w = sβ1 · · · sβn holds. With this notation the equalitiesmŵ(Qw) = {1, n}
and pŵ(Qw) = {1, 2} hold.

Proposition 8.17. We have the equalities

Ln =
n∑
i=2

ξi + 2ξ1, L1 = ξ1,

Mn = D̂2 + 2D̂1, M1 = D̂1.

Proof. The �rst two equalities are consequences of Proposition 4.36. The second two
equalities are consequences of the �rst two.
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To compute the canonical divisor of X̂(ŵ) we need the following proposition.

Proposition 8.18. The morphism π̃ : X̃(w̃)→ X̂(ŵ) is rational. In particular, there is

an isomorphism K
X̂(ŵ)

∼= π̃∗KX̃(w̃)
.

Proof. As in Proposition 8.6.

As a corollary we compute K
X̂(ŵ)

.

Corollary 8.19. We have the equalities

−K
X̂(ŵ)

= nD̂2 + 2nD̂1 = nMn.

In particular, the variety X̂(ŵ) is Gorenstein.

Proof. This follows using the last proposition and Corollary 6.16.

Proposition 8.20. The variety K
X̂(ŵ)

has only terminal singularities.

Proof. Using Corollary 6.16 we get

K
X̃(w̃)

− π̃∗K
X̂(ŵ)

=
n∑
i=2

(i− 2)ξi.

The proposition follows because i− 2 > 0 for all i ∈ [3, n].

At this point we can prove the main theorem of this section.

Theorem 8.21. The variety X̂(ŵ) with ŵ = (sαn , sαn−1 · · · sα1) is the unique relative

minimal model of XP (w) birational to XP (w).

Proof. We already know that X̂(ŵ) is locally factorial with only terminal singularities.
Moreover, K

X̂(ŵ)
is π̂-nef becauseK

X̂(ŵ)
·π̃∗[Y1] = 0. Therefore, X̂(ŵ) is indeed a relative

minimal model of XP (w).

Contracting the curve π̃∗[Y1] is done via π̂. But that morphism is not small because
the divisor D̂2 is contracted. Thus, this map doesn't give a �op. There are no other
possibilities for a potential �op which means we have proven existence and termination
of �ops for X̂(ŵ). As before we use Theorem 12-1-8 in [Mat02] to conclude the proof.
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9 IH-Small Resolutions of Cominuscule
Schubert Varieties

In this chapter we classify all IH-small resolutions of cominuscule Schubert varieties in
the Bn and Cn-case. The corresponding results in the minuscule case are to be found in
[Per07]. The proofs work the same way in the cominuscule case.

De�nition 9.1. A projective birational morphism of varieties π : Y → X is called
IH-small (resp. IH-semismall) if for all k > 0 the following inequality holds.

codimX{x ∈ X | dimπ−1(x) = k} > 2k (resp. ≥ 2k)

In addition, if Y is smooth, then π is called an IH-small (resp. IH-semismall) resolution.

There is the following result on IH-small resolutions due to Totaro.

Proposition 9.2 ([Tot00], Proposition 8.3). Let π : Y → X be an IH-small resolution.

Then Y is a relative minimal model of X.

As a �rst step towards classifying all IH-small resolution we need to check which relative
minimal models are smooth. In order to do this we need to know which cominuscule
Schubert varieties are smooth. The following result is due to [BP99].

Proposition 9.3. A cominuscule Schubert variety XP (w) is smooth if and only if it is

homogeneous under its stabilizer.

Corollary 9.4. A cominuscule Schubert variety XP (w) is smooth if and only if Qw has

no non virtual hole. In particular, a cominuscule Schubert variety XP (w) in the Cn-case
is smooth if and only if β(p(Qw)) = {αn}.

Proof. This follows from the equality Σ(Pw) = β(Holes(Qw)).

For any element w ∈ W we denote the class of w in XPw(w) as ew. In the case of a
Schubert variety we can reformulate the de�nition of IH-smallness as follows.

Lemma 9.5. Let ŵ be a good reduced generalized decomposition of some element w ∈W .

Let P be the parabolic subgroup Pw. Then π̂ : X̂(ŵ) → XP (w) is IH-small (resp. IH-

semismall) if and only if the following inequality holds for all w′ ≤ w with Pw ⊆ Pw′ and
dim π̂−1(ew′) 6= 0.

codimXP (w)XP (w′) > 2 dim π̂−1(ew′) (resp. ≥)
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9 IH-Small Resolutions of Cominuscule Schubert Varieties

Proof. Because ŵ is good the morphism π̂ is Pw-equivariant. Therefore, the set

codimXP (w){x ∈ X | dim π̂−1(x) = k}

is Pw-stable for all k ≥ 0. Thus, the irreducible components of it's closure are Schubert
varieties XP (v) with Pw ⊆ Pv.

Let us recall the inductive de�nition of X̂(ŵ) for some cominuscule good reduced gen-
eralized decomposition ŵ = (u,w2, . . . , ws+1). Let v = w2 · · ·ws+1. The �rst step can
be given by the map p : QuH ×H XP (v) → XP (w), where P = Pw, Q = Pw, and
Σ(H) = Σ(Pv) ∪ (Σ(Pw) ∩ Supp(u)c). By induction there is a map π′ : X̂(v̂) → XP (v),
which is Pv-equivariant. Putting this together gives the map π̂ : QuH×H X̂(v)→ XP (w).

Let w′ ≤ w with Pw ⊆ Pw′ . We denote the Q-orbit of ew′ by U(w′). We want to
calculate fπ̂,w′ := dim π̂−1(ew′). Since π̂ is Q-equivariant, all the �bers of points in
U(w′) are isomorphic and the equality fπ̂,w′ = dim π̂−1(U(w′)) − dimU(w′) holds. We
de�ne the set S(w′, w) by

S(w′, w) = {v′ ∈W/WP | v′ ≤ v, QXP (uv′) = XP (w′), HXP (v′) = XP (v′)}.

Lemma 9.6. Assume that XH(u) is smooth.

(i) We have the equality

p−1(U(w′)) =
⋃

v′∈S(w′,w)

QuH ×H Hev′ .

(ii) The equality

π̂−1(U(w′)) =
⋃

v′∈S(w′,w)

QuH ×H π′−1(Hev′)

holds.

(iii) In particular, there is an element v′ ∈ S(w′, w) such that

fπ̂,w′ = #Qu + fπ′,v′ + #Qv′ −#Qw′

= #Qu + fπ′,v′ − codimXP (w′)(XP (v′)).

Proof. The second part follows directly from the �rst one, while the third statement is a
direct consequence of the second one. Therefore, we are left to prove (i).

Let v′ ∈ S(w′, w). Since XH(u) is smooth, the quiver Qu has no holes. Thus, a repre-
sentative of u is in Q. Moreover, the inclusion H ⊆ Q holds. Therefore, we have the
equality

p(QuH ×H Hev′) = QuHev′ = QuHu−1euv′ = U(w′).

That implies the inclusion QuH ×H Hev′ ⊆ p−1(U(w′)).
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Let (x, y) ∈ QuH ×H XP (v) such that p(x, y) ∈ U(w′). We have the two equalities

QuH = Q, XP (v) =
⋃

v′≤v, HXP (v′)=XP (v′)

Hev′ .

Therefore, x ∈ Q and y = hev′ for some h ∈ H and v′ ≤ v withHXP (v′) = XP (v′). Since
p(x, y) ∈ U(w′) there is an element q ∈ Q such that ew′ = qxhev′ = qxhu−1euv′ ∈ Qeuv′ .
Therefore, we get the equality QXP (uv′) = XP (w′). Thus, we have v′ ∈ S(w′, w).

9.1 The Cn-Case

The goal of this section is to prove the following theorem.

Theorem 9.7. Let G be a semisimple linear algebraic group with root system Cn. By

P we denote the maximal parabolic subgroup of G de�ned via Σ(P ) = {αn}. Then

the IH-small resolutions of a cominuscule Schubert variety XP (w) are exactly given by

X̂(ŵ)→ XP (w), where ŵ is obtained from construction 2 via an ordering (p1, . . . , ps+1)
of p(Qw) with βps+1 = αn.

If the equality p′(Qw) 6= p(Qw) holds, then there is no ordering of construction 2. There-
fore, we have can assume p(Qw) = p′(Qw) throughout the whole section. We already
know that all IH-small resolutions are relative minimal models. Therefore, only resolu-
tions X̂(ŵ)→ XP (w) coming from construction 3 need to be checked. The �rst step will
be to determine, which of those are smooth.

Proposition 9.8. Let ŵ be a generalized decomposition obtained from construction 1.

Then X̂(ŵ) is smooth if and only if ŵ is obtained from an ordering (p1, . . . , ps+1) of

p′(Qw) such that βps+1 = αn.

Proof. If βps+1 6= αn, thenQws has a peak di�erent from αn. Moreover, we have βm = αn,
where m is the minimal vertex in Qws+1 . By Corollary 9.4 the variety XP (ws+1) is not

smooth. Thus, X̂(ŵ) is not smooth.

If we have the equality βs+1 = αn, then Qws+1 has no non virtual hole. Indeed, the
only non virtual hole could be a vertex j ∈ Qws+1 with βj = αn. Therefore, the variety
XP (ws+1) is smooth. All the other quivers Qwi for i ∈ [1, s] give Schubert varieties in
type An. Any quiver of a cominuscule Schubert variety in the An-case with a unique
peak has no non-virtual holes. The lemma follows.

The next step is to analyze the set S(w′, w) as de�ned in the previous chapter for w′ ≤ w
with Pw ⊆ Pw′ .

Remark 9.9. (i) The condition HXP (v′) = XP (v′) is equivalent to H ⊆ Pv′ . That
is equivalent to β(Holes(Qv′)) ⊆ β(Holes(Qv)).
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(ii) Let i be a hole ofQw′ with the property βi /∈ supp(u). That means no representative
of sβi is in Q. Therefore, the equality QXP (uv′) = XP (w′) implies i ∈ Qv′ .

We will use the following strategy to prove that the resolutions X̂(ŵ)→ XP (w), where ŵ
is obtained from construction 2 via an ordering (p1, . . . , ps+1) of p(Qw) with βps+1 = αn,
are small. The goal is to show the inequality codimXP (w)(XP (w′)) > 2fπ̂,w′ for all
w′ ≤ w such that XP (w′) is stable under Pw. We will introduce two functions Γ and q
such that codimXP (w)(XP (w′)) = Γ(w′, w) + q(w′, w). Moreover, the function q ful�lls
q(w′, w) ≥ 0 with equality if and only if w = w′. We will prove the stronger statement
Γ(w′, w) ≥ 2fπ̂,w′ by induction on #p(Qw). Using Lemma 9.6, we get the equality

fπ̂,w′ = #Qu + fπ′,v′ − codimXP (w′)(XP (v′)).

Let θ ∈ W be de�ned by PvXP (v′) = XP (θ). Because π′ is Pv-stable, we have the
equality fπ′,v′ = fπ′,θ. By induction the inequality Γ(θ, v) ≥ 2fπ′,θ holds. Therefore, we
will be done by proving the following inequality.

Γ(w′, w)− Γ(θ, v) ≥ 2(#Qu − codimXP (w′)(XP (v′))) (9.1)

The functions Γ and q

Let p1, . . . , ps+1 be the peaks of Qw and αki = βpi for i ∈ [1, s + 1]. Without loss of
generality we may assume k1 < . . . < ks+1. Moreover, let ti be the hole between pi and
pi+1 for all i ∈ [1, s]. We de�ne the following sequences of integers.

ai(w) := h(pi)− h(ti), i ∈ [1, s]

bi(w) := h(pi+1)− h(ti), i ∈ [1, s]

b0(w) :=
1

2
(h(ps+1)− 1)−

s∑
i=1

bi(w)

For any i ∈ [1, s] we de�ne the depth of the hole ti in w′ as

ci := #{j ∈ Qw\Qw′ | βj = βti}.

Additionally, we set c0 = 0 and cs+1 = cs.
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p1 p2 ps ps+1

t1 tsb0 b1 bsa1 as

c1 cs

cs+1

w

w′

The sequences ai and bi for w′ are given as follows.

ai(w
′) = ai(w) + ci − ci−1, i ∈ [1, s]

bi(w
′) = bi(w) + ci − ci+1, i ∈ [0, s]

Since Qw′ can have less holes than Qw, we slightly abuse notation here. However, in that
case we have just some additional zeros. The functions Γ and q are given by

Γ(w′, w) =
s∑
i=1

ci(ai + bi) +
1

2
cs,

q(w′, w) =
1

2

s∑
i=1

(ci − ci−1)2.

Lemma 9.10. The equality codimXP (w)(XP (w′)) = Γ(w′, w)+q(w′, w) holds. Moreover,

we have q(w′, w) ≥ 0 with equality if and only if w = w′.

Proof. Without much di�culty we get the equality

codimXP (w)(XP (w′)) =
s∑
i=1

ci(ai + bi) +
s∑
i=1

c2i −
s−1∑
i=1

cici+1 −
1

2
cs(cs − 1).

The lemma follows.
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Proof of Theorem 9.7

Let pk be the peak of Qu for some k ∈ [1, s + 1]. We need to deal with two cases. One
case is given by k < s and the other case is k = s. We proof both cases simultaneously
because they don't di�er very much.

u

v

pk

ak−1

ak

akbk−1

bk−1

bk
u

v

ps

as−1

as

asbs−1

bs−1

bs

The quiver Qv has one peak and one hole less than Qw. The values ai(v) and bi(v) are
given as follows.

ai(v) =


ai(w) , if i ∈ [1, k − 2]

ak(w) + ak−1(w) , if i = k − 1 and i > 0

ai+1(w) , if i ∈ [k, s− 1]

bi(v) =


bi(w) , if i ∈ [0, k − 2]

bk(w) + bk−1(w) , if i = k − 1

bi+1(w) , if i ∈ [k, s− 1]

Recall that any hole i of w′ with βi /∈ Supp(u) is in v′. Moreover, v′ may have an addi-
tional hole corresponding to the hole of v that is not in w. We de�ne x := ak+1(v

′) and
y := bk−1(v

′).
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y x

w′

v′

y x

w′

v′

Because v′ ≤ v, we have x ∈ [0, ck] and y ∈ [0, ck−1]. Due to the fact that the only hole
of Qv′ which is not a hole of Qw′ corresponds to the same root as the minimal element
of u, we get the equality ck−1 − y = ck − x.

In order to prove the inequality (9.1) we need to describe the values ai, bi and ci for θ.
Recall that θ was de�ned by PvXP (v′) = XP (θ).

θ

v′
θ

v′

We de�ne the depth c′i of θ in v in the same way as the depth ci of w′ in w. We have the
equality

c′i =


ci , i ∈ [1, k − 2]

ck−1 − y = ck − x , i = k − 1

ci+1 , i ∈ [k, s− 1].

Moreover, the equality c′s = c′s−1 holds. In the case k < s this means c′s = cs+1, while
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in the case k = s we have c′s = cs − y = cs+1 − x. Without much di�culty, we get the
equalities

#Qu − codimXP (w′)(XP (v′)) = ak(w)bk−1(w)− (bk−1(w
′)− y)(ak(w

′)− x)

= ak(w)bk−1(w)− (bk−1(w)− x)(ak(w)− y)

= xak(w) + ybk−1(w)− xy.

The right hand side of equation (9.1) is given by

Γ(w′, w)− Γ(θ, v) =
s∑
i=1

ci(ai(w) + bi(w)) +
1

2
cs −

s−1∑
i=1

c′i(ai(v) + bi(v))− 1

2
c′s−1

=
k∑

i=k−1
ci(ai(w) + bi(w))− c′k−1(ak−1(v) + bk−1(v)) +

1

2
cs −

1

2
c′s−1

= x(ak(w) + bk(w)) + y(ak−1(w) + bk−1(w)) +
1

2
cs −

1

2
c′s−1.

The fact that ŵ is obtained by construction 2 implies the inequalities ak(w) ≤ bk(w) and
bk−1(w) ≤ ak−1(w). Moreover, we have

1

2
(cs − c′s−1) =

{
0 , if k < s
1
2x , if k = s.

We can conclude one direction of the proof with the inequality

x(ak(w) + bk(w)) + y(ak−1(w) + bk−1(w)) +
1

2
(cs − c′s−1) ≥ 2(xak(w) + ybk−1(w)− xy).

We are left to prove, that the other smooth minimal models are not IH-small. This is a
special case of the following lemma.

Lemma 9.11. If ŵ is of construction 1 but not of construction 2, then X̂(ŵ)→ XP (w)
is not small.

Proof. We proof the lemma in two cases.

(i) Assume αn−1 ∈ p(Qw). Let q ∈ p′(Qw) with βq = αn. Then the image π̃(Zq) is a
divisor in X̂(ŵ). The image π(Zq) is some Schubert variety XP (w′) of codimension 2 in
XP (w). The fact that π̂−1(XP (w′)) contains π̃(Zq) implies the inequality fπ̂,w′ ≥ 1. We
can conclude in this case via

codimXP (w)(XP (w′)) = 2 ≤ 2fπ̂,w′ .

(ii) In the second case we assume αn−1 /∈ p(Qw). Since ŵ is not of construction 2, we can
�nd peaks p, q ∈ p(Qw) such that q = f(p) and h(q) < h(p). Let i ∈ Qw be the maximal
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vertex smaller than p and q.

p

q

i

The inequality h(q)−h(i) < h(p)−h(i) holds. Moreover, the divisor π̃(Zi) is of codimen-
sion h(q)−h(i)+1 in X̂(ŵ). The image π(Zi) is a Schubert varietyXP (w′) of codimension
h(q) − h(i) + h(p) − h(i) + 1 in XP (w). Since π̂−1(XP (w′)) contains π̂(Zi) we get the
inequality fπ̂,w′ ≥ h(p)− h(i). We can conclude the proof because the inequality

codimXP (w)(XP (w′)) = h(q)− h(i) + h(p)− h(i) + 1

≤ 2(h(p)− h(i))

≤ 2fπ̂,w′

holds.

9.2 The Bn-Case

Due to the results of the sections 8.2 and 8.3 the Bn-case is way easier than the Cn-case.
We get the following theorem.

Theorem 9.12. Let G be a semisimple linear algebraic group with root system Bn. By P
we denote the maximal parabolic subgroup of G de�ned via Σ(P ) = {α1}. A cominuscule

Schubert variety XP (w) admits a small resolution if and only if it is already smooth itself.

Moreover, in that case the only small resolution is given by the identity XP (w)→ XP (w).

Proof. Obviously, the identity is always a small map. That already proves one direction.
Assume that XP (w) is not smooth. We need to check that no minimal model is smooth
and yields a small resolution at the same time.

Assume w 6= sαn · · · sα1 . By Theorem 8.16 the variety XP (w) is the only relative minimal
of model XP (w) birational to XP (w). Therefore, we can conclude the proof in this case
by Proposition 9.2.

We are left to deal with the case w = sαn · · · sα1 . By Theorem 8.21 the variety X̂(ŵ)
with ŵ = (sαn , sαn−1 · · · sα1) is the unique relative minimal model of XP (w) birational
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to XP (w). Let w′ = v′ = sαn−2 · · · sα1 . Using Lemma 9.6 yields the equality

fπ̂,w′ = #Qu + fπ′,v′ − codimXP (w′)(XP (v′)) = 1.

Therefore, the equality

codimXP (w)(XP (w′)) = 2 = 2fπ̂,w′

shows that X̂(ŵ)→ XP (w) is not small.
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10 Further Ideas

We are going to examine several directions in which the results might be generalized.
Assume that G is any Kac-Moody group and let Λ be a dominant weight. Moreover, we
de�ne the parabolic subgroup P ⊆ G by Σ(P ) = {α ∈ S | 〈α∨,Λ〉 6= 0}. We say that an
element w of W is Λ-minuscule if there exists a reduced decomposition w = sβ1 · · · sβr
such that 〈β∨i−1, sβi · · · sβr(Λ)〉 = −1 for all i ∈ [2, r + 1] (compare with Lemma 5.4).
A natural step would be to classify small resolutions of Λ-minuscule Schubert varieties.
There are even Λ-minuscule Schubert varieties over semisimple linear algebraic groups
that are not minuscule.

Example 10.1. The following quivers corresponds to a Λ-minuscule Schubert variety in
the E8-case. This cut of the quiver yields a small resolution.

◦
◦

◦
◦◦

◦◦
◦◦
◦
◦
◦
◦
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦
◦

The case by case study used by Perrin in [Per07] to show smallness is however not suitable
here. There are far too much cases to check.

Similar to the de�nition of cominuscule elements we can de�ne Λ-cominuscule elements
and try to extend the results of this thesis to the class of Λ-cominuscule Schubert varieties.
In this thesis there was more case by case study used as in [Per07]. Thus, there is an even
bigger need for more general arguments. Having small resolutions of Λ-(co)minuscule
Schubert varieties it is likely that one can mimic the calculation of Kazdhan-Lusztig
polynomials in [Zel83] and [SV95].

Another natural goal is to extend the results to non-(co)minuscule Schubert varieties.
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There occur several problems. An advantage in the (co)minuscule case was the fact that
elements had an unique reduced expression up to commuting relations. Indeed, we will
get several quivers in the general case. To get a complete list of small resolutions one
is probably forced to look at all the quivers. Moreover, we had a very nice description
of the quivers due to Lemma 5.5. Getting a general description of the quivers is not an
easy problem. Understanding the Bruhat order is also more complicated in the general
case.

A completely di�erent direction could be to generalize the result to other �elds. While
we computed small resolutions for any algebraically closed �eld, the complete classi�ca-
tion was only proven over C. One of the main issues in making Mori theory viable in
characteristic p is the lack of cohomology vanishing results and the fact that resolution
of singularities has not been proven in positive characteristic. However, Schubert vari-
eties can always be desingularized by the Bott-Samelson resolution. The fact, that any
Schubert variety is Frobenius split (see [BK05]) gives many vanishing results. Not only
from the perspective of this thesis, but also from the general desire for a Mori theory
in characteristic p, it might be worthwhile to investigate, whether parts of the program
work under the assumptions of Frobenius splitting and resolution of singularities.
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