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1 Introduction

A fundamental goal of the theory of Schubert varieties is a thorough understanding of
the singularities. A first step is the description of the singular locus. A follow up is the
construction of resolutions. A well known class of desingularizations of Schubert varieties,
first introduced in [BS58|, are the Bott-Samelson resolutions. They were extensively
studied by Demazure in [Dem74| which included a description of their Chow ring and
their canonical divisor. Zelivinsky constructed small resolutions in the case of Schubert
varieties in Grassmannians and used them to compute Kazdhan-Lusztig polynomials (see
[Zel83]).

Definition 1.1. A projective birational morphism of varieties 7 : ¥ — X is called
[H-small (resp. IH-semismall) if for all £ > 0 the following inequality holds.

codimx{r € X | dimn~!(z) = k} > 2k (resp. > 2k)

In addition, if Y is smooth, then 7 is called an TH-small (resp. IH-semismall) resolution.

Sankaran and Vanchinathan obtained similar results in Lagrangian and maximal isotropic
Grassmannians in [SV94] and [SV95]. As it turns out, Bott-Samelson resolutions are
generally not small.

Many classical results on Schubert varieties in Grassmannians can be generalized onto
minuscule or cominuscule Schubert varieties (see Definition 5.1). Brion and Polo describe
the singular locus of any Schubert variety in the (co)minuscule case in [BP99|. In [Per07]
Perrin gives a complete classification of all small resolutions of minuscule Schubert va-
rieties over C. We use his techniques to classify all small resolutions of cominuscule
Schubert varieties which are not minuscule over C. This only includes semisimple groups
with root system B, or C,. The construction itself will work over any algebraically
closed field. Therefore, the result includes the small resolutions in maximal isotropic
Grassmannians of [SV94].

In order to handle the occurring combinatorics in the Weyl group we introduce a quiver
for each reduced expression (see Section 3.3). Due to a result in [Ste96], every reduced
expression of a (co)minuscule element is unique up to commuting relations. That will
imply that there is a unique quiver associated to each cominuscule Schubert variety.
Moreover, there is an explicit combinatorial description of the quivers of (co)minuscule
elements (see Lemma 5.5). That gives us a very concrete object to work with. We define
a partial ordering on the vertices of the quiver, call the maximal elements peaks and
assign each vertex a value we call the height.



1 Introduction

Constructing small resolutions for cominuscule Schubert varieties Xp(w) will be done
by defining intermediate resolutions through which the Bott-Samelson resolution factors.
An ordering of the peaks, or in some cases of the peaks and one additional vertex, yields
a birational projective map 7 : X(w) — Xp(w). The variety X (w) is generally not
smooth, but always locally Q-factorial with only terminal singularities. We introduce
specific orderings that are called neat and kind of neat. The following theorem holds
over any algebraically closed.

Theorem 1.2. Let Xp(w) be a cominuscule Schubert variety. Then 7 : X (w) = Xp(w)
is a small resolution if X (w) is smooth and obtained from a neat ordering.

This is proven by a direct computation. Moreover, we show that this already describes
all possible small resolution over C. This can be done using a connection to the relative
minimal model program. We use a result from Totaro in [Tot00]. Using a key result of
[Wis91] he proves the following proposition.

Proposition 1.3. Let 7 : Y — X be an IH-small resolution. Then Y is a relative
minimal model of X .

A relative minimal model of a variety X is a normal variety X with a proper morphism
X — X which is locally Q-factorial with only terminal singularities and a canonical
divisor that is relatively nef. We refer to [Mat02] for more information on the minimal
model program.

The description of the Chow ring and the canonical divisor of the Bott-Samelson variety
by Demazure in [Dem?74| enables us to compute these objects for Schubert varieties and
intermediate resolutions. Those are needed to use the minimal model program to classify
all relative minimal models of cominuscule Schubert varieties.

Theorem 1.4. Let Xp(w) be a cominuscule Schubert variety. _The relative minimal
models of Xp(w) birational to Xp(w) are exactly the varieties X (w) obtained from a
kind of neat ordering.

We proof that existence and termination of flops holds for our varieties by a direct
computation. Therefore, we do not need to use any recent progresses on the minimal
model program. It can be directly checked that intermediate resolutions coming from a
kind of neat, but not neat ordering, are not small. To summarize we get the following
main theorem of this thesis.

Theorem 1.5. Let Xp(w) be a cominuscule Schubert variety over C. Then the map
7 X(w) - Xp(w) is a small resolution if and only if X (w) is smooth and obtained
from a mneat ordering.



2 Notation

Let G be a simply connected semisimple algebraic group over an algebraically closed
field k. By T we denote a maximal torus in G and B is a Borel subgroup containing 7.
Furthermore, W shall be the Weyl group of G and R the set of all roots, while S is a set
of simple roots corresponding to (B, T). We denote the set of positive roots by R, while
R~ is the set of negative roots. Moreover, [ is the length function on W corresponding
to S. For each element a € R we have the corresponding root subgroup U, C G. For
a scheme X over k we write A,(X) for the Chow group. If X is a non singular variety
(separated, integral and of finite type over k), A*(X) will denote the Chow ring.



3 Geometry of G/P

3.1 Schubert Varieties

We are going to introduce some specific parabolic subgroups. In order to do this, we
need to recall some well known facts about parabolic subgroups and Schubert varieties.
If P is a parabolic subgroup of G containing B, let ¥ (P) be the set of all simple roots
a such that U_, € P. Most of the time we will simply write ¥X(P) if there’s no chance
for confusion.

Fact 3.1 (|[Bou68|). The map
Y :{P| B C P is a subgroup of G} — P(S)

is a bijection.
Proof. This is just a reformulation of [Bou68| Theorem 1V.§2.5.3. O

Notice, that we explicitly have the equality ¥(P) = S\{a € S| Bs,B C P}.

The Weyl group of (P,T) is Wp = (so | a € S\X(P)). Let Rp (resp. R}, Ry) denote
the root subset of R (resp. R, R™) spanned by the simple roots in S\X(P). For an
element w € W we denote the Schubert variety BwP/P by Xp(w). In view of the
following fact W/Wp parametrizes the Schubert varieties in G/P.

Fact 3.2 (Bruhat decomposition modulo P). The group G can be decomposed as the
disjoint union
G= |J BwP.
weW/Wp

Proof. This follows easily from [Bou68| Theorem IV.§2.5.3 and Lemma IV.§2.1.1. O
Definition 3.3. Let w € W.

(i) We define Ip(w) to be the length of some representative of minimal length of
w e W/Wp.
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Let Rp(w) be the following set
Rp(w) = {8 € R*| w'(8) € R"\Rp}.
Moreover, we define Np(w) = #Rp(w).

The next statement is based on [LMS74| Proposition 1.4. It establishes the basic prop-
erties of Np(w).

Lemma 3.4. Let v,w € W and a € S.

(i) We have
Np(w)—1 ifw ' (a) € R°\Rp
Np(sqw) =4 Np(w)+1 ,ifwl(a) € RT\R} .
Np(w) Jifw () € Rp

(1) The inequality lp(sqw) > Ip(w) — 1 holds.

(11i) We have the equality Np(w) = lp(w).

(v) The inequality l(wsq) < l(w) holds if and only if w(a) € R™.

Proof.

(i)

(i)

(i) Due to « being simple, the reflection s, induces a bijection between R and

Ui—« ay. erefore, Rp(w)\1a 18 1n bijection with (not necessary equa
(R*U{~a})\{a}. Therefore, Rp(w)\{a} is in bijection with ( y equal
to) Rp(sqw)\{a}. Furthermore, we have

a € Rp(w) = a ¢ Rp(sqw).
The first part of the lemma follows now directly from the definition of Np(w).

Without loss of generality we may assume w to be a representative of minimal
length modulo Wp. Assume that the inequality {p(sqw) < [(w) — 1 holds. Then
there is an element x € Wp such that [(sqwz) < l(w) — 1. That implies the
inequalities

l(wz) <1+ I(sqwz) < l(w).

That contradicts the minimality of w.

Notice, that Np(w) and {p(w) are well defined modulo Wp. Indeed, this follows
directly from the definitions. Therefore, we may assume [p(w) = I(w) throughout
the whole proof. That means w is a representative of minimal length of a class
modulo Wp.

First of all we are going to prove Np(w) < Ip(w) by induction on Ip(w). If the
equality {p(w) = 0 holds, then we get w = 1 and Np(w) = 0. Let w = Sq, - .- Sa,,
be a reduced expression of w. That means Ip(sq, w) < Ip(w) — 1. Using induction
yields

Np(w) < Np(sa,w) +1 <lp(sq,w) +1 < lp(w).
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Next we prove Np(w) > Ip(w) by induction on Np(w). For the case Np(w) = 0
we will prove by induction on Np(w) that w € Wp. Let the equality Np(w) =0
hold. Tt is known that the Weyl group acts simply transitive on the set of bases.
Therefore, if w # 1 holds there would be a root 8 € S with w=!(3) € R~. But
due to Np(w) = 0 we get w = 1. Assume Np(w) > 0. Together with Np(w) =0
this shows the existence of a root 8 € S with w™!(8) € Rp. Therefore, using the
first part of the lemma we get Np(sgw) = Np(w) —1 and Np(sgw) = Np(w) = 0.
By induction sgw € Wp. This implies —8 = (sgw)w™1(8) € Rp. Thus we get
w = sgsgw € Wp.

Now assume that Np(w) > 0. Let 8 € S be a root with w™!(8) € R~\Rp. Then
using the induction hypothesis and (ii) we get

Np(w) = Np(Sﬁw) +1
> lp(Sﬁw) +1
> lp(w).

(iv) We have

Hwsa) < l(w) & I(sqw™ ) < I(w™)
& Np(sew™t) < Np(w™)
s w(a) € R™.

That concludes the proof. O

Now we want to make a connection to the dimensions of the Schubert varieties.

Lemma 3.5 (|JLMST74|, Prop. 1.3). Let w € W. The Schubert cell BwP/P is isomorphic
to [laerp(w) Ua as varieties. In particular, dim Xp(w) = Np(w).

Proof. Let e = P/P € G/P. Then BwP/P is the B-orbit of we. But this is also the
U orbit of we, where U is the maximal unipotent subgroup in B. The stabilizer of we
under the action of G is wPw™'. Therefore, the stabilizer of we under the action of
U is UNwPw™!. This subgroup of U is generated by the one dimensional unipotent
subgroups U,, where

ac{Be R wl(B) e R"URL}.

This set is the complement of Rp(w) in R*. Thus, the lemma follows from the fact, that
U is isomorphic to the product of the U, for all « € RT. O

Notice, that the isomorphism is given by multiplication with we. This will be of use
in the next section. The lemma enables us to prove a very useful result about minimal
length representatives modulo Wp. (see [LMS79] Lemma 1.0).
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Proposition 3.6. Let w € W. Then the following are equivalent.
(i) w is a representative of minimal length modulo Wp
(ir) l(ww') =1(w) + L(w') for all w' € Wp
(115) (wsq) = l(w) + 1 for all a € S\X(P)
() w(a) € Rt for all « € S\X(P)
(v) the natural morphism p: G/B — G/P maps Xp(w) birationally onto Xp(w)
(vi) dim Xp(w) = dim Xp(w)

Proof. (i) = (ii) We have the equalities
Np(w) =l(w) = lp(w) = Np(w).

Thus, w™! maps no positive root to Rp. The element w’ ~! doesn’t change the sign for
roots in R\Rp. Therefore, we get

l(ww") = Ng(ww') = Ng(w) + Np(w') = l(w) + l(w).

That (ii) implies (iii) is trivial. Furthermore, (iii) implies (iv) due to Lemma 3.4 (iv).
Moreover, (iv) implies w(R}) € RT, which is equivalent to Rp C w™'(R™). Thus, the
equality Rp(w) = Rp(w) holds. In view of Lemma 3.5 we get (v). Again trivially (v)
implies (vi). Finally from (vi) follows

lp(w) = Np(w) = dim Xp(w) = dim Xp(w) = l(w),
which is the statement of (i). O
Part (ii) of this proposition shows, that there is a unique representative of minimal length
in every class of W/Wp.
We also have the following theorem proved for example in [BK05] Theorem 3.2.2.

Theorem 3.7. All Schubert varieties are normal.

The following theorem is due to [FMSS95| (see comments after Theorem 1).

Theorem 3.8. The Chow group of a Schubert variety is the free abelian group generated
by the Schubert subvarieties.
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3.2 Parabolic Subgroups
Having established these basic properties, we can introduce some concrete parabolic
subgroups. They will be of importance in the construction of resolutions later on.
Definition 3.9. Let w € W.
(i) We define P¥ to be the parabolic subgroup of G given by

E(PY)={ae S |l(wsy) < l(w)}.
(ii) Let P, be the stabilizer of the Schubert variety X pw(w) = BwPw/P".

For concrete calculations it will often be useful to have a description via simple roots of
P,. This and an intuitive idea of P" is what we establish in the next proposition.

Proposition 3.10 (|Per07|, p. 1259). For all w € W we have
(i) Xpw(w) = P,wPv/P",

(i) P" is the largest parabolic subgroup of G such that the map BwB/B — BwP® /P"Y
1s birational,

(i1i) X(Py) ={a €S | Sqw >w for the Bruhat order in W/Wpuw}.

Proof. The first statement follows directly from the definition of P,. The equivalence of
(iii) and (v) in Proposition 3.6 shows (ii).

Let a € S. We always have BsawP" C Bs,BBwP" C BsawP¥ U BwP". Therefore,
we get Bso,B € P, if and only if BsawP" ¢ BwPY, which is equivalent to sow > w.
That proves (iii). O

Definition 3.11. Let w € W.

(i) We denote by Supp(w) the set of all « € S such that s, appears in some reduced
expression of w.

(ii) Let 0 Supp(w) be set of all & € S\ Supp(w) such that s, does not commute with
w.

(iii) We define Gy, to be the smallest semisimple subgroup of G containing all the U,
for a € Supp(w).

The last proposition of this chapter shows that we may always assume the inclusion
Xp(w) € Gy/P for any Schubert variety. We will use this in further constructions to
make them easier.
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Proposition 3.12 ([Per07], p. 1259). Let w € W.

(i) Let w be a reduced expression of w. Then Supp(w) is the set of all o € S such
that s appears in w. That means the set Supp(w) only depends on one reduced
decomposition of w.

(i) Let P,Q C G be parabolic subgroups containing B. Furthermore, assume that
P C P,,. Then we have an isomorphism PwQ/Q = (P N Gy)w(Q N Gy)/(QNGy).

(i15) We have an isomorphism Xpw(w) = (Py N Gy)w(PY N Gy)/(PY N Gy).

Proof. Indeed, the relations in a Coxeter group do not change the support proving (i).
To prove (ii) notice that Rg(w) is contained in the root system generated by the support
of w. This implies
Us= [] UaCGu
a€Rg(w)
In Lemma 3.5 we have shown (PwQ)/Q = (U,w@®)/Q. We even have the following
commutative diagram

Gy © (j U
Gu/(QNGu) = (GuQ)/Q—— G/Q ——(UuwQ)/Q.
Indeed, the map G,,/(Q NGy) — G/Q is injective. Since G,,/(Q NGy) is projective, the

map is also closed. It is a closed immersion, simply because G,,/(Q N Gy) — (G, Q)/Q
is an isomorphism.

Using Uy, C Gy, we get

(PwQ)/Q = (UpwQ)/Q
= (Upw(Q N Gy))/(QN Gy)
> ((PNGyp)w(QNGyw))/(QNGy).

Taking closures concludes the proof of (ii). The last statement is just a special case. [

3.3 Quivers Associated to a Reduced Expression

We associate a quiver to each reduced expression of an element in the Weyl group. In
order to do this we need to introduce some further notation. The quiver will enable us
to translate the combinatorial problems in the Weyl group into geometric questions on
the quiver.

Let w = (sg,,...,53,) be a reduced expression of an element w € W.



3 Geometry of G/P

Definition 3.13. Let i € [1,7].
(i) We define (if it exists) the successor of i to be sg(i) = min{j € [i+1,r] | 5; = Bi}.

(ii) Similarly, pg(i) = max{j € [1,r7 — 1] | B; = B;} is the predecessor of i (also only
if it exists).

Note, that we will usually write s(i) and p(i) if there is no chance for confusion.

Definition 3.14. We define the quiver Q3 with vertices given by [1,7]. There is an
arrow from 4 to j if (8, 5;) # 0 and i < j < s(¢) (or ¢ < j if s(i) does not exists). In
addition, we give each vertex a color via the map [1,7] — S given by i — f;.

The quiver uniquely determines the reduced expression up to commuting relations. In-
deed, to get a reduced expression back from the quiver pick a vertex r, where no arrow
starts. The rightmost element of the reduced expression will be sg . Remove r from the
quiver and proceed inductively, by multiplying the simple reflections from the left.

In general there may be multiple reduced expressions. Later on, we will deal with a special
situation in which there is a unique reduced expression up to commuting relations for an
element w € W/Wp. That opens the opportunity to get a lot of information about the
Schubert variety out of the single quiver. Let us give an example.

Example 3.15. Let G be the group Sp(10) which means R = C5. We use the notation
of |[Bou68]. Now w = Sa,Sa4Sas5asSasSas 15 @ reduced expression modulo Wp for the
parabolic subgroup P defined by ¥(P) = {as}. This is annoying to check at the moment,
so we will delay that. Later, it will be easy to verify. The corresponding quiver looks as
follows, where the coloring is given by the projection of the vertices down to the quiver

' U
%

o o o 0=<=0

As in this example we will always suppress the direction of the arrows.

It is not hard to check that this was the unique quiver for this element. In general, there
are elements of the Weyl group with multiple quivers as the following example will show.

Example 3.16. The following two quivers correspond to the same element in the Weyl
group corresponding to C3. They are representatives of minimal length modulo Wp for
E(P) = (9.

10
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(¢] O

AN AN
N N
NS /

O

O—<=—0 O O—<=—=0

Proposition 3.17. Let P be a mazimal parabolic subgroup. Any quiver obtained from
a reduced expression of a minimal length representative of an element in W/Wp is con-
nected.

Proof. Let w be a representative of minimal length of an element in W/Wp. We pick
any reduced expression w = (sg,,...,s,). This implies 3(P) = {f,}. Assume that
the quiver of w is not connected. Choose a maximal ¢ € [1,7 — 1] which is not in the
same connected component as 8,.. Furthermore, let j > ¢ be minimal for the property
( ]\/,51) # 0. If B; = B, then sg, commutes with sg, for all k € [4, j] which contradicts
the reducedness of w. If B; # f3;, there is an arrow from 4 to j which contradicts the
choice of i. Therefore, sg, commutes with sg, for all & € [¢,r]. But that is a contradiction
to w being a representative of minimal length. O

11



4 The Bott-Samelson Variety

4.1 Definition

The Bott-Samelson variety is well known to desingularize Schubert varieties. In this
section we are going to recall several of its definitions according to [Mag96] and [Dem74].
In the following w = (sg,,...,ss,) will always be a reduced expression of an element
weW.

Definition 4.1. Let P be any parabolic subgroup of G containing B and X any variety
with a left B-action.

(i) We define a right B-action on P x X by (p,x)b:= (pb,b~'z).
(ii) The induced quotient is denoted by P x? X := (P x X)/B.

Lemma 4.2. Let P be any parabolic subgroup of G containing B and X any variety with
a left B-action. Then the morphism P xP X — P/B is a locally trivial fibration with
fiber X and base P/B.

Proof. Let wg be the unique maximal element in the Weyl group of P. Then BwyB/B
is open in P/B. By Lemma 8.3.6 (ii) in [Spr98|, there is a unipotent subgroup U,,, such
that we have an isomorphism U,, x B — BwyB given by (u,b) — uwgb. This yields a
commutative diagram.

BwoB/B x X —— Uy, X X —— (Uwy x B) xB X —=— BwoB xB X

it

BwyB/B
Using the homogeneous P-action on P/B, we can cover it with open sets on all of which
P xB X becomes trivial. O

Let Y be a P-variety containing X. Then we have a well defined proper map Px?X — Y
given by (p,x)B — pzx. The next definition iterates this construction to get the Bott-
Samelson variety.

Definition 4.3. Let Pg, be the minimal parabolic subgroup containing B corresponding
to B; for i € [1,r]. The quotient Bott-Samelson variety corresponding to w is given

12
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by
X)) := Py, xP Pg, xP ... xP Ps /B.

We get a B-action by acting on the leftmost factor. The multiplication map
7 XU (3) - G/B
(p1,..-,p1) = p1p2...piB

is called the Bott-Samelson resolution.

The following theorem justifies the name of 7.

Theorem 4.4. (i) The variety XW°(@) is smooth and projective.

(ii) By restricting to the image Xp(w) the map m becomes birational.

Proof. (i) By the previous lemma X°(@) is defined via a tower of locally trivial P!-
fibrations.
(ii) This is just a simple reformulation of Lemma 8.3.6 in [Spr98|. O

We will also denote the induced map X9(@) — Xp(w) for any parabolic group P by 7
if the map Xp(w) — Xp(w) is birational. Next we define the Bott-Samelson variety as
a subvariety of a product. Let pg, : G/B — G/ P, be the quotient morphism. It’s fibers
are isomorphic to Pg,/B = P!. For any z € G/B we define P(z, 3;) to be pgil (ps; (x)).

Definition 4.5. The product Bott-Samelson variety is given by
XPod(@) := {(z1,...,2,) € (G/B)" | 2o = 1 and z; € P(z;_1, 3;) for all i € [1,7]}.

We let B act diagonally on this variety. The map 7?4 : XProd(@) — Xp(w) is defined
to be the restriction of the projection to the last factor.

The fact that P4 really maps into Xpz(w) follows due to the next proposition. This
definition is a reformulation of what Magyar calls the fiber product Bott-Samelson variety
in [Mag96]. We are also going to restate his proof that the product and the quotient
Bott-Samelson variety are isomorphic.

Proposition 4.6 (|[Mag96|, Theorem 1). The map
T times
p:GxP .. . xBG/B— (G/B)
(915---9) = (@1, 9192, - -, 91 Gr)

is a G-equivariant isomorphism. It restricts to an isomorphism of B-varieties

[

¢ XWO() =5 XProd(g).

Moreover, P4 o ¢/ = 7.
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Proof. Clearly, ¢ is well defined and G-equivariant. Let

7 times
Y:(G/B) - GxP ... xPG/B
(h1y... hy) e (ha,hitha, hyths, . ot hy).

It is easy to see that 1) is the inverse of ¢. Let (g1,...,9,) € XWO({J). Due to g; € P3, we
have g1 --- giPs, = g1+~ gi—1Pg, for alli € [1,7]. That implies g1~~~ g; € P(g1 -~ gi—1, Bi)-
Therefore, ¢ is well defined. For an element (g, . . ., hy) € XP°4(@) we have the equality
hiPg, = h;—1Pg, for all i € [2,r]. That implies h;_llhi € Pgs,. Therefore, v restricts to a
map ' : XPrd() — X (). The first claim follows due to 1" and ¢’ being inverse to
each other.

The statement about 7 simply follows by the definition of ¢. O

Because of this isomorphism, we are identifying the quotient and product Bott-Samelson
variety, just call it the Bott-Samelson variety, and denote it by X (w).

There is another version of the Bott-Samelson variety similar to the product Bott-
Samelson variety. Let P% := P be the maximal parabolic subgroup containing B
corresponding to f3; for i € [1,7]. For any = € G/B we denote the image of P(z;_1, ;)
in G/Pﬁl by @(:Ci_l,ﬁi).

Proposition 4.7 ([Per07], Remark 2.7). There is the following isomorphism of B-
varieties.

X(@) = {(:vl,...,:cw) € HG/PBi | 20 = 1 and x; € P(z;_1,3;) for alli € [l,r]}.

=1

Proof. We regard the restriction of the projection G/B — G/PP to P(z, ;) for some
r € G/B. Because of PP N Pg, = B, this map is injective. Using Zariski’s Main Theorem
it is actually an embedding. O

In the next sections, we are going to focus on the case of Xp(w), where P = P% . In that
case, the Bott-Samelson resolution is easily seen to be the projection on the last factor.

The last definition of the Bott-Samelson variety we are going to examine is a variation
of the quotient Bott-Samelson variety. It was used by Demazure in [DemT74] to compute
the Chow ring of X (w). We will recall his computations in the next sections.

There are By41,...,8n € S for some N € N such that wyg = (B1,...0n) is a reduced
expression of the unique longest element wy in W. We define a sequence of roots ~y; for
i€ll,N].

Vi =8By 5B (Bi)
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4 The Bott-Samelson Variety

Lemma 4.8 ([Bou68], p. 170, Corollary 2). The ~; are exactly the positive roots of R
corresponding to S.

Proof. 1t is well known that #R" = N. The lemma follows if we can prove the inclusion
R* C{y,...,w}

Let @ € RT. Due to wy () € R, there is an 4 € [1,n] such that s,_, -+~ sg,(a) € R*
and sg, - -+ s, () € R™. Since sg, permutes RT\{5;}, we get
SBi—1 " SpB (@) = Bi.

That implies o = ;. O

Note, that the equality s,, = sg, -~ Sg, 58,98, , - - - S5, holds. We define Ry := R and
R; = S%(Ri_l) for i e [1,N].

Lemma 4.9. For all i € [0, N| the set R; is explicitly given as follows.

R, = {_’Yl?'"»_’7i7/7i+1,"-a7N}

This set consists of the positive roots with respect to the base s, - - - s, (S). Furthermore,
for i # 0 the root v; is a simple root with respect to R;—1 and —~; is a simple root with
respect to R;.

Proof. Since the equation s, ,---sy,(8;) = 7 holds, we get the claim about simple
roots. Because «y; is a simple root with respect to R;_1, the first statement follows by
induction on 1. O

Let B; be the Borel subgroup corresponding to R; and P; the minimal parabolic subgroup
corresponding to 7; containing B; and B;_1.

Finally, we are able to formulate Demazure’s definition of the Bott-Samelson variety. It
is given by B
XPem (@) .= P xB1 Py xB2 . xB-1 p/B,.

Proposition 4.10. The Boti-Samelson variety X (@) is isomorphic to XP™(w).

Proof. For all i € [1, N] we get the following facts.

S’Yl e 8%—13%3%‘—1 . S’Yl = Sﬁi
Sy o Sy (Ric1 U R;) = Ro U s, (Ro)
Sy Sy Pisy, -8y, = Pp,

Sy v 8y Bisy, o5y, =
Pisy, = B

15



4 The Bott-Samelson Variety

Let n; be a representative of s, and v; = ni---n;. Putting the last three equations
together we get

X (@) = Pivy x 1B ) (1P ) x(2B203 ) (o1 Brore ) (vr—1Poy )/ (v Boy )

~p xBrpyxB2 xB-1p/B,.
The isomorphism is given by

(P1s-- -y pr) = (pro7 t vy Tpava, .o v t prvy).

4.2 Cycles on the Bott-Samelson Variety |

The structure of the Chow ring of the Bott-Samelson variety is well understood due to
[Dem74|. In this section we are recalling Demazure’s description of the Chow ring. For
more information on intersection theory we refer to [Ful98|.

Let X be a variety on which B operates faithfully from the right such that X/B exists,
is smooth, projective and p: X — X/B is a locally trivial fibration with fiber B.

Definition 4.11. For each character A\ € X*(B) we define an invertible sheaf by
Lx(\) := {sections of X xZ ky — X/B}.

First of all, we need some basic properties of these sheaves.

Proposition 4.12. Let A € X*(B).

(i) For all open subsets U C X /B we have the isomorphism
DU, Lx(\) 2 {o:p ' (U) = k| o(xb) = A(b) " o(x) for all 2 € X,b € B} =: R.

(ii) The map X*(B) — Pic(X/B) defined by A — Lx () is a group homomorphism.

Proof. (i) For s € T(U, Lx(\)) we define o, : p~1(U) — k via ¢,(z) = a if $(T) = (z,a).
By the definition of X x? k the map ¢, is in R. If we have a map ¢ € R, then
5,(T) = (z,¢(x)) defines an element in I'(U, Lx (X)).
(ii) Let U C X/B be any open subset. Using the description of (i) we can define a
morphism I'(U, Lx(\)) @ I'(U, Lx (1)) — T'(U, Lx (X + p)) simply by multiplication for
any A, u € X*(B). That induces a morphism of sheaves ¢ : Lx(A\)®@Lx () = Lx(A+u).
We can check locally that this is an isomorphism. Let U C X/B be an open affine subset
on which X — X/B becomes trivial. Then we have the isomorphism

DU, Lx(N) = {p:U x B =k | p(xb) = A(b) ()}
~ {p: U -k} =T(U,0p).

16



4 The Bott-Samelson Variety

The isomorphism is given by restricting to U x {1}. Therefore, 9 is locally just the usual
multiplication isomorphism Oy ® Oy — Oyp. ]

Taking the first Chern class of a line bundle defines a map Pic(X/B) — A'(X/B).
Composing with the previous homomorphism induces a map cx : X*(B) — A*(X/B).

In the case X = G for G being some semisimple simply connected linear algebraic group,
the map Pic(G/B) — A'(G/B) is actually an isomorphism. This is for example proven
in [KKH89|, Proposition 3.2. The Picard group of G/P, where P is a maximal parabolic
subgroup containing B, can be computed as follows.

Proposition 4.13. Let P be a mazimal parabolic subgroup of G given by X(P) = {a}
and w the fundamental weight corresponding to o € S. The simple G-representation of
highest weight w is denoted by V(w) and v is a highest weight vector. Then we have a
closed embedding G/P — P(V(w)) given by g — g[v]. Moreover, the ample generator
O(1) of P(V(w)) is pulled back to Lo(—w). Therefore G/P has an ample generator.

Proof. For the first claim we need to show Stabg([v]) = P. Note, that the equality
B(P) ={B € S| (8Y,w) # 0} holds. Let ng be a representative of the simple reflection
sg for some B € S. Then ngv is of weight sg(w). The element ng is in the group generated
by Ug and U_g. On the one hand, if U_g acts trivially on [v], then ng acts trivially on
[v] and (8Y,w) = 0 holds. On the other hand, if (3¥,w) =0, then U_g = nglUgnB acts
trivially on v.

The line bundle O(—1) of P(V(w)) can be described as {([z],y)| z € V(w),y € kx}.
Therefore, we need to find an isomorphism

G <P ko 5 {(g[v],9)] g € G,y € kgu}.

But this is just given by (g, A) — (g[v], Agv). O

Let P be a semi direct product of a unipotent connected group U and a reductive
connected group L of semisimple rank 1. Note, that any minimal parabolic subgroup P
of G is of this form. Moreover, let T" be a maximal torus of L, o one of the two roots
of L with respect to T and U,, U_,, the two corresponding unipotent subgroups. Then
B =TU,U and B' = TU_,U are the two Borel subgroups of P containing T. We define
another space X’ := X xB P. Let f: X'/B’ — X/B be the map induced by the first
projection. First of all, we need to check that X’ fulfills the same properties as X.

Proposition 4.14. The space X'/B’ exists as a variety, is smooth, projective and f is
a locally trivial fibration with fiber P/B’.

Proof. Let us first assume that X’/B’ is a well defined variety. Furthermore, U shall
be an open subset of X/B such that p~1(U) = U x B. Thus, we get the isomorphism

17



4 The Bott-Samelson Variety

Y U) =2 UxFxBP/B' = U xP/B'. Therefore, f is a locally trivial fibration implying
smoothness. To get the existence we can define X’/B’ via this open covering. Finally,
the variety X’/B’ is projective because P/B = P!. O

This setup actually describes the situation of one step in the last definition of the Bott-
Samelson variety in Proposition 4.10. Studying the map f will allow us to use induction.

Proposition 4.15. Let n € L be a representative of the only non trivial element s, of
the Weyl group. Then o : X/B — X'/B’ defined by T — (x,n) is a well defined section

of f.

Proof. This follows from n~'Bn = B'. O

At this point we establish a connection between f, the section o and the locally free
sheaves defined before.

Lemma 4.16. We have the isomorphism o*(Lx/(N)) = Lx(sa(N)) for all characters
A e XHT).

Proof. To prove this we regard the locally free sheaves as line bundles. We have the
following pullback diagram.

X xB BnB' xB ky'—— X xB P xB k,

| |

X/B——————— X xBp/B

Every class in X xB BnB’ xB" ky has a representative of the form (x,n,a). There-
fore, it is isomorphic to the quotient of X x {n} x k) given by the identifications
(z,n,a) ~ (xb,b"Inb/ , A\(¥)"ta) for b € B,V € B', 2 € X, a € ky and b~ 'nb = n.
But that is the same as (x,n,a) ~ (2b,n,A\(n"'bn)~1a). The lemma follows from
A(n71n) = s4(\)(b). O

Lemma 4.17. The degree of Lx/(\) along every fiber of f is given by (", ) for all
A e XHT).

Proof. We choose an x € X and replace X by zB. Thus, we may assume X/B to be
trivial. Furthermore, since B acts faithfully on X, we get X x® P/B’' = P/B’. Therefore,
we get the isomorphism

Lx/(\) = {sections of P xZ ky — P/B'}.
The commutator subgroup L' = D(L) is a semisimple group that has a maximal torus

T'" C T. We have the isomorphisms L'/T'U_, = P/B’ and L’ xT'U-a |y o2 P xB' [,
The group L’ is of rank 1 which means it is either SLy or PSLy. Since the quotients

18



4 The Bott-Samelson Variety

do not differ for both these groups, we may assume L' = SLs. The only difference to
the situation L = SLy is that we have a bigger torus with more characters. However, if
(a¥,\) = 0, the action of T'"U_,, on k) is trivial. Therefore, the lemma is true in that
situation. Since the map X*(T') — Pic(P/B’) given by A — Lx/(\) is a homomorphism,
we only need to look at the unique character A of 7" with (a",\) = 1. The quotient
P/B' is isomorphic to P'. Therefore, it suffices to check that the space of global section
of Lx:(A) is of dimension 2. This is done via a concrete calculation in SLo as follows.

First of all, using Proposition 4.12 the global sections of Lx/ () are given by
{o:L—k|oltu) =Xt) () VI € Lyt €T u € U_p}.

Due to the Bruhat decomposition, there is an open covering L = U_,TU, UnU_,TU,.
One can compute the dimension explicitly as follows. First define two functions on U_,,
and nU_, that extend in only one possible way to the open sets in the covering. Then
one can compute the condition of them coinciding on the intersection via an explicit
calculation with matrices in SLy. We will leave this calculation to the reader. ]

By D we denote the divisor given by the image of the section . The corresponding
locally free sheaf of rank 1 will be denoted by £(D).

Lemma 4.18. The sheaf o*(L(D)) is isomorphic to Lx(—a).

Proof. Let n € L be a representative of the only non trivial element s, of the Weyl
group. There is a morphism ¢ : X — X x P/B’ given by x > (x,7). Furthermore, we
define D := X x {m}. The following diagram commutes.

X—2 X xP/B

|

X/B—2-X xBpP/B

Therefore, we have an isomorphism o*(L(D)) = 5*(L(D))/B. To get *(L(D)) we
need to compute L£(D) ~. We also have the following commutative diagram.

X x P/B'+——D
P
P/B' «+—{m}.
Thus, we get the isomorphism E(ﬁ)lf) = (p*ﬁ({ﬁ}))m = ¢ (L({M})gmy)- Tt suffices

to check that B acts via —a on L({n})|m}. This can be done via a concrete calculation
in SL2

D

Let B be the Borel subgroup of upper triangular matrices in SLo. Due to the isomorphism
P/B’ = P! = Proj(k[x,y]), we can identify n with [1 : 0]. With this identification we
have the equality L({n})m = (z/y - kly/z])/(k[y, x]). Indeed, B acts via —a on it. [
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4 The Bott-Samelson Variety
Lemma 4.19. The sheaf Q(x//p1/(x/B) 5 isomorphic to Lx:(—a).

Proof. We can do this computation again in SLy. Let L be the line bundle given by
X xBk? - X/B. Then X x® P/B’ is the projective bundle P(L). By [Har77] Exercise
84(b) there is an isomorphism Q(XXBP/B/)/(X/B) = (f* /\2 L)®OX><BP/B’(_2)' Ol'l P/B,
we can use Proposition 4.13 to get Lp(w) = Op,p/(1). That implies the isomorphism
OxyBp/p/(—2) =2 Lxysp(—a). Furthermore, for all \,u € k and b € B we have

b- AN = XA pu. Therefore, /\2 L is trivial concluding the proof. O
Lemma 4.20. For all characters A € X*(T') we get an isomorphism

Lxi(N) 2 f*(Lx(N) @ L(D)®"Y,

Proof. Since P/B’ = P!, the locally trivial fibration f : X’/B’ — X/B is a projective
bundle of rank 1. Therefore, we get Pic(X'/B’) = Pic(X/B) @ ZO(1). The second
projection Pic(X'/B’") — Z - O(1) is given by restriction to the fiber.

According to Lemma 4.17 the degrees of Lx/(\) and £(D)®’A are the same along
every fiber of f. Hence, there is a sheaf £ € Pic(X/B) such that

F(L) = Lx/(N) @ L(D)P(e" ),

Finally, we can conclude the proof by the following isomorphism using Lemma 4.16 and
4.18

h
12

o"f* L

o*Lx/(\) @ o™ £(D)E(’ )

Lx(sa(N) +{a”,N)a)

= Lx(\). 0

14

1

Finally, we can describe A*(X'/B’) in terms of A*(X/B). We denote the corresponding
class of D by &. Obviously, we have the equality { = 0.(1) = ¢1(L(D)), where ¢; denotes
the first Chern class.

Proposition 4.21. The ring homomorphism f* : A*(X/B) — A*(X'/B’) is injective.
It identifies A*(X'/B') with A*(X/B)[£]/(€? + cx(a)€).

Proof. We have the equality o*o f* = id proving the injectivity of f*. Next, we will prove
the relation £2 + cx (a)¢ = 0. The projection formula ([Ful98] Proposition 8.3) yields the
equality o.0*(a’) = &d’ for all @’ € A*(X'/B’). For any element a € A*(X/B) we set
a' = f*(a) to get 04(a) = £f*(a). Choosing a’ = & and a = 0*(a’) the two last equations
yield €2 = 0.0%(€) = £f*0*(€). Because taking Chern classes and pulling back commutes
(|Ful98] Theorem 3.2), we can use Lemma 4.18 to get 0*(§) = cx(—a) = —cx (). This
proves the relation.
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4 The Bott-Samelson Variety

Using well known facts about projective bundles ([Ful98] Theorem 3.3) we know that
A*(X'/B’) is a free A*(X/B) module with basis (1,0(1)). We are left to prove, that
(1,¢) is also a basis. This is true because the degree of ¢ along the fibers of fis 1. [

Despite this result, we still lack a description of cx(«). However, the next proposition
gives a description of cxs in terms of cx.

Proposition 4.22. For all A\ € X*(T) we get the equality cx/(\) = cx(\) + (", N)E.

Proof. Applying ¢ to the equality in Lemma 4.20 immediately shows the statement. [

4.3 Cycles on the Bott-Samelson Variety Il

In this section we are going to give a description of the Chow ring of the Bott-Samelson
variety. Moreover, we will determine all ample divisors. This is needed for our application
of Mori theory in the later sections. Through all of this we will use the notation of section
4.1. Furthermore, we define Xo = By and X; = X; ; xPi-1 P, for all i € [1,r]. Using
the results of the last section there are sections o; : X;_1/B;—1 — X;/B; of the maps
fi: Xi/B; — Xi—1/B;i—1. Moreover, we define & := f--- ff 1(0:)«(1).

Theorem 4.23 (|Dem74|, Proposition 4.1). (i) Foralli,j € [1,r] there is the equality

7

ex, () = Y0

=1
(i1) For all i € [0,r], there is an isomorphism
ANX;/By) 2 Z[Ey, . &1/ + ex,_ (7)€ | 7 € [1,4]).

Proof. The first statement follows by an induction on ¢ from Proposition 4.22, while the
second follows from Proposition 4.21 also using induction on . O

The divisors Z; := f1--- f;_ll (0(X;-1/Bj—1)) are representatives of &; for all i € [1,r].
The Z; can be determined for the other descriptions of the Bott-Samelson variety as
follows.

Proposition 4.24. (i) In the quotient Bott-Samelson variety, we have
Zi = {(21,...,2,) € X(0) | z; = 1}.

(ii) Regarding the product Bott-Samelson variety, we get

Zi = {(a1,....w,) € XPOUT) | a; = wina).
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(153) With the description of Proposition 4.7, Z; is described as

Zi ={(z1,...,2) € X(B) | & = 2p(3)}-

Proof. Parts (i) and (ii) follow directly from the isomorphism between the different
definitions of the Bott-Samelson variety. To get part (iii), we will use part (ii). We
need to prove that the equivalence ¢;B = ¢;_1B < ¢;P% = gp(i)Pﬁi holds for any

(G, - -, Fr) € XPod(w).

If g;B = g;—1 B, then we have
Ip(i) € 9i—1Pp,_ - Pg, ., = 9iPs_ -+ Pg, , © g PP
However, if g;P% = gp(i)Pﬁi holds, then we get
9i-1 € 9piy P41 - Py C gpiyP7 = g:i PP

and g;—1 € g;Ps,. Due to Pg, N PP = B, the equality ¢;B = g;—1 B follows. O

There is even the following result due to [LT04| Proposition 3.5.

Proposition 4.25. The divisors &1, ... & form a basis of the monoid of effective divisors.

Proof. Let [D] = Y7, m;& be any effective divisor. We need to prove m; > 0 for all

€ [1,r]. Since all Z; are B-stable, the global sections of £(D) form a finite dimensional
B-representation. Using Borel’s fixed point theorem we get a global section s fixed under
B up to scalar multiplication. Therefore, the zero divisor V(s) of s is a B-stable divisor
of X(). Since X (@) Ui_o & is isomorphic to BwB/B, the set X (w)\ Ui_o & is a dense
B-orbit. That implies V(s) C Jj_,&. Therefore, there are m, > 0 for all i € [1,7]
such that [D] = [V (s)] = Yi_, m;&. Because (&i)ie[1,r] is a base of AY(X) (W), we get
m; = m; > 0. ]

For any set K C [1,7] we define Zi to be (,cx Zi. The variety Zx has codimension

#K. Indeed, this can be seen by Zx = {(p1,...,pr) € XU(@)| p; = 1 for all i € K}.
Using this description of Zx also enables us to compute the image of Zx in the Schubert
variety Xp(w).

Proposition 4.26. The image w(Zx) is equal to the Schubert variety Xp(v), where v is
the longest element that can be written as a subword of w without any sg, for all i € K.

Proof. This follows from [Bou68| Section IV.§2 equation (3) and Theorem IV.§2.4.2. [
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By T; we denote the pullback via f--- f | of the relative tangent sheaf of f;. The curve
Zi1\{iy Will be denoted by C;. For notational simplicity we identify any line bundle

L € Pic(X (w)) with its Chern class ¢;(£) € AY(X (@)).

In the following, we are recalling some equations from [Per05].

Proposition 4.27 (|Per05], Proposition 3.3). The following equality holds in A*(X (w))
foralli,je[1,r].
0 Lifi> g
[Ci]- & =41 yifi=j
(B, B;) ,ifi<j

Proof. We have the equality C; = Hk#i §k- Because Zj1,) is just a point, we have
[Ci] - & = 1. An easy induction on j yields
0 yifi >
Ci]-& =11 yifi =3
i;a(—l)k Zi:io<...<ik:j H];;(1)<77>;’/7ix+1> JAf < g
Therefore, we are left to prove

—1

.

k—1
(_1)k Z H<7i\;a%'z+1> = <5sz8J>

1 i=ig<...<ip=j x=0

e
Il

We have f; = s, -+~ 5,_,(7:). Furthermore, the equalities
( i\/? /8]> = <SW1 TSy (74), Syt Sy ('Vj»
= <%§/7 Syt S%‘—1(7j)
- _<%\/, Svig1 " Sy (7j)

hold. There are zj; € Z such that s, s, (7;) = Zi:z T ;Y. Again doing an
induction on j yields

J—t k—1
LTij = Z(_l)k Z H<7i\fcvfyiz+1>‘
k=1 1=10<...<ip=J z=0

Moreover, we get the following two equalities

J
<71y7 Syt 3’7j—1(’7j)> = ka,j<’yi\/afyk>v
k=i

J
*<’7iv75%'+1 T S'ijl(,}/j)> =- Z xk:,j<’7iv7’7k>-
k=i+1

Adding these equations yields 2(v;, s+, - -5+, (j)) = @i (v, %) = 2x;;. That con-
cludes the proof. O
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The next goal is to describe T; in terms of &1, ..., &,.

Proposition 4.28 (|Per05|, Fact 3.7 & Corollary 3.8).
(i) For all characters A € X*(T') we have Lx,(\) = 22:1(7,\6/, A&k

(1) The equality T; = ZZ:1<7}€/,%>£/€ holds for all i € [1,7].

Proof. The first part is a direct consequence of Lemma 4.20. Together with Lemma 4.19
we get the second part. O

Since we defined X (W) via a sequence of P!-fibrations, we can compute the canonical
divisor as — K @) = >i_1 T;. The previous proposition yields

= Z Zh/lé/v %>£k

=1 k=1
= Z (Z Wi )fk-
k=1 \i=k

Proposition 4.29 (|Per05], Proposition 3.11). For all i,j € [1,7] we have the equation

0 Cifi>
Cl-T; =
Gl {<y,ﬂj> ifi <.

Proof. Due to the last two propositions, the case @ > j is clear. For i = j we get
(Ci] - Ty = > 51 (v 7i) [Cilék = 2. In the case i < j we have the equalities

J
|- 15 = Z%,%
k=1
7j—1

= (0 + > B BR)Y ) + 2(8Y B)-

k=i+1

Therefore, we are left to prove the next lemma. O

Lemma 4.30 ([Per05], Proposition 3.13). For all i,j € [1,7] with i < j we have the

formula
j—1
> B B = — (0 ) — (BY B)

k=i+1

Proof. As in the proof Proposition 4.27 we get

Wy =>_ =D > H oo Biag)

u=1 k=ip<...<iy=7 =0
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by exchanging the roles of v; and ;. Setting i_1 = 4, we can prove the proposition by
the following series of equalities.

j—1 Jj—1 j=k u—1
V \
ST ANBY B = > D (-1 > 88 [ Bian)
k=i+1 k=i+1u=1 k=ip<...<iy=j =0
j—i—1
Y ey Y Tenan
u=1 k=i+1 k=ip<.. <2u_]a:7—1
j—i—1
SONEED S | A
u=1 =11 <...<iy=J T=—1

J— u—1
- Z(il)u_l Z H<ﬂl\i’ Bix+l>
u=2 i7i0< <iy=j z=0
Jj—
FOE DI S (A
u=1 1=10<...<iy=7 =0
—(8",8i) — (%', 1) 0

Having a good description of the Chow ring we are now examining the ample divisors on
X (w). Furthermore, the cone of effective curves will be described. This is also called the
Mori cone (see [Mat02] for further information on this topic). For the rest of this section
we will only use the Bott-Samelson variety as described in Proposition 4.7. There are
morphisms p; : X (@) — G/ PP induced by the projections of [1i_, G/PPiforalli e [1,r].
Since PP is a maximal parabolic subgroup, the Picard group of G / P?Bi i isomorphic to
Z and generated by a very ample invertible sheaf O(1). We define £; to be the pullback
p;O(1). Furthermore, we define

Yi:={(z1,...,2,) € HG/Pﬁj] zj =1 for all j #4 and x; € P(1, 3;)}.
j=1

Our goal is to proof that the £; form a base of the closure of the cone of ample divisors,
while the Y; form the dual base of the cone of effective curves in X (w). At first, we need
to prove that Y; is a curve in the Bott-Samelson variety.

Lemma 4.31 ([Per07], Lemma 2.12). We have the inclusion Y; C X (@) for alli € [1,r].
Proof. We only need to prove 1 € P(g, ;) for all g € P(1, ;) and j € [i + 1,s(¢) — 1].

Since g € P(1, 8;), we get g € Ps,. By definition we have g € P(g, 3;). The inclusion
P, C PP implies g = 1 € G/P"% concluding the proof. O

Proposition 4.32 ([Per07], Proposition 2.13). The families (L;)ic1,,) and (Yi)iep ) are
dual to each other.
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Proof. Let i,j € [L,r]. If i # j, the sheaf (L;)y, is trivial. Therefore, the equality
(L] - [Y;] = 0 holds. If i = j, the sheaf (L;)y, is the generating very ample sheaf on
Y; = P, That proves [£;] - [V;] = 1. O

As the following proposition shows the families (L;)ic1,,) and (Yi)ien, are bases of
AY(X (@)) respectively Ay (X(@)).

Proposition 4.33 ([Per07], Proposition 2.14). Let [Cy;)] = 0 if s(i) does not eist.
Then we have the equality [Y;] = [C;] — [Cyy] for all i € [1,7].

Proof. The curve C; is given as follows

Ci ={(x1,..., )| mj = @) for all j # i}
={(z1,..., %) x; #1iff B; = Bj and j > i. In that case z; = x;}.

With this description the equation follows without difficulties. O

Having established these results, we are now able to describe the ample divisors and
effective curves.

Theorem 4.34 ([Per07|, Corollary 2.15). The closure of the cone of ample divisors in
AN X (w)) @z R is generated by ([Li])iep - The cone of effective curves is generated by
([YiD)iep,r). Moreover, all ample divisors are very ample.

Proof. Let D be any ample divisor. Then a; := [D] - [Y;] is a positive integer and the
equality [D] = 7, a;L; holds. Let D = Y7' | b;L; be a divisor with b; > 0 for all
i € [1,7]. Then D induces the composition of the inclusion X (@) < [1_, G/P% and
the embedding induced by the very ample sheaf @;_; O /PBi (b;). Therefore, D is very
ample. The claim on effective curves follows by duality. O

We finish this section by computing the divisors £; in terms of the basis ([§x])re[1,- In
order to do this we describe the dual basis to (£;);e[1,,)- For all i € [1,7] we define a cycle

[Ci] = [Ci] + Xiia (Y ) [Cil:

Proposition 4.35 ([Per05], Lemma 4.5). The equality [@]5] = 0, j holds for all numbers
i,j € [1,r]. That means the curves ([Ci])icn ) form a dual basis to (&)ic)1,-

Proof. This follows from the following computation using Proposition 4.27 and Lemma
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4 The Bott-Samelson Variety

4.30, which is still true after switching the (;) and (5;).

n

[Ci]- & =((Cil+ D (0 w)Cel) - &
k= 'L+1

Lifi >

ifi=
/Bj +Zk z+1<7177k><5[2/75]>+<71\/7’7j> ,1f1<]

Oq

O

We have the equality £; = >y ,(Li - [Ck])ék. To get a description of £; in terms of
the basis (§k)rep1,,) we are left to compute L; - [C] for all k € [1,7].

Proposition 4.36 ([Per07], Proposition 2.16). We have the following equality.

0 Cifk >
Cifk=i
Li-[Cil=S1+ > (W) .ifk<iand =5
j=k+1,8,=8
> ) ,if k< and By # Bi
J=k+1,8;=0;

Proof. An induction on j using Proposition 4.32 and 4.33 yields the equality

1 ,ifi>jand B; =p5;
£i’[0j]_{ I

o , otherwise

The statement follows immediately. O

The results of this chapters also enable us to compute the Picard group of a Schubert
variety in G/P. We will only deal with the case of a maximal parabolic subgroup P.
With some more efforts it is however possible to generalize the following theorem to any
parabolic subgroup.

Theorem 4.37. Let P be a mazimal parabolic subgroup of G and Xp(w) C G/P a
non trivial Schubert variety. Then the Picard group Pic(Xp(w)) is isomorphic to Z and
generated by a very ample generator.

Proof. We proved before that there is a very ample generator O(1) of Pic(G/P). The
pullback 7*(O(1)|x,(w)) is isomorphic to L,. Since A.(Xp(w)) (Theorem 3.8) is a free
abelian group, the subgroup Pic(Xp(w)) is also free abelian. Therefore, we only need to
prove that any invertible sheaf on Xp(w) is a multiple of O(1)|x,(w)-
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4 The Bott-Samelson Variety

The map 7* : Pic(Xp(w)) — Pic(X(w)) is injective. Indeed, by the projection formula
and normality of Schubert varieties (Theorem 3.7) the equality m.7*(L£) = £ holds for
all £ € Pic(Xp(w)). Thus, for any £, L € Pic(Xp(w)) we get the equivalence

L=L e 7)) [Vi] =" (L) - [Vi] Vie[1,r].

Let £ be any line bundle of Xp(w). Then by definition of [Y;] we have m,[Y;] = 0 for
all i € [I,r —1]. The map m, : Ag(X(@)) — Ao(Xp(w)) is an isomorphism. The
projection formula shows m (7*L - [Y;]) = 0 for all ¢ € [1,7 — 1]. Therefore, we get
£ = (O(1)xp )2 E 0, .
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5 Cominuscule Schubert Varieties

5.1 Minuscule Weights

After establishing more general results in the previous parts we are now going to focus
on (co)minuscule Schubert varieties. This chapter consists of a recall on (co)minuscule
weights. For all root systems the notation of [Bou68| is used.

Definition 5.1. Let w be a fundamental weight corresponding to a simple root a.
(i) We call w minuscule if (3¥,w) <1 for all 8 € RT.

(ii) We call w cominuscule if the fundamental weight w" corresponding to o¥ € R
is minuscule.

We will classify all minuscule and cominuscule weights by giving an easier description of
cominuscule weights.

Proposition 5.2. (i) Let w be a fundamental weight corresponding to a simple root
a, and o =) g nqa be the highest root of R. Then w is cominuscule if and only

if ng, = 1.

(1) The following table shows all the minuscule and cominuscule weights.

Type | Minuscule weights | Cominuscule weights
A, Wi, .-, Wy Wi, .., Wy

B, Wn, w1

Cp w1 Wn

D, W1, Wpn—1, Wn W1, Wpn—1, Wn

EG W1, We W1, We

E; w7 wy

Eyg none nomne

Fy none none

Go none none

Proof. The inequality n,, > 1 always holds. Furthermore, the definition of w shows
(wY, @) = ng,. On the one hand, w" being minuscule implies n,, = (w¥,a) < 1. On
the other hand, no, = 1 implies the inequality

(WY, B) =ma, <Na, =1
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5 Cominuscule Schubert Varieties

for all 8 =3 cgmaa € RT. Indeed, we proved that w is cominuscule if and only if
ng =

To get the table of all (co)minuscule weights, just look up the highest roots of all the
root systems in [Bou68|. O

The resolutions we will discuss in this thesis have been fully understood in the minuscule
case due to [Per07]. We are going to generalize those results to the cominuscule case.
The last proposition shows that the number of cases to check is rather limited.

Definition 5.3. Let w be a minuscule (resp. cominuscule) fundamental weight corre-
sponding to a simple root a.

(i) We define the maximal parabolic subgroup P, by X(P,) = {a}.

(ii) The homogeneous space G /P, is called minuscule (resp. cominuscule) and all its
Schubert varieties are also called minuscule (resp. cominuscule).

(iii) An element w € W is said to be minuscule (resp. cominuscule) with respect to w
if P, C Pv.

Remember the definition 3(P%) = {a € S | l(ws,) < I(w)}. Using Proposition 3.6 we
get that the minuscule (resp. cominuscule) elements with respect to w are exactly the
minimal representatives modulo Wp, . Next we derive a useful lemma which enables us
to get some information about W/Wp,. Note that we can focus on the minuscule case
because W(R) = W(R"). Later on there will be a summary of the information obtained
for the cominuscule case.

Lemma 5.4 (|Per07|, Fact 3.8). Let w = (sg3,,...,53,) be a reduced expression and w be
a minuscule fundamental weight. Set w; = sg,---sg, fori € [1,7] and w41 = 1. Then
the following are equivalent.

(i) The element w is minuscule with respect to w.
(ii) For alli € [2,r + 1] we have the equality (B |, w;(—w)) = —1.
(i15) If i € [1,7 + 1] we obtain wi(—w) = —w + Br + ... + Bi.
Proof. The equivalence of (ii) and (iii) is obvious. Due to Lemma 3.4, w being minuscule

is equivalent to Np_ (w;) < Np, (s, ,w;) for all i € [2,r + 1]. That is true if and only if
w; ' (Bi-1) € RT\R}, , which is equivalent to (8, w;(w)) = (w; ' (Bi—1)",w) > 0. We

(2
can conclude the proof due to w being minuscule. O
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5 Cominuscule Schubert Varieties
5.2 Quivers of Minuscule Schubert Varieties

In this chapter we give an explicit description of all minuscule elements w € W in terms
of quivers. The next proposition describes the shape of minuscule quivers.

Lemma 5.5 ([Per07], Proposition 4.1). Let w = (sg,,...,53,) be a reduced expression
and w a fundamental weight. Then w is minuscule with respect to w if and only if the
following three conditions hold.

(1) The element B3, is the unique simple root such that (8, w) = 1.

(ii) Let i < r be a vertex of the quiver such that s(i) does not exist. Then there is a
unique arrow from i to a vertex k and we have (3, B) = —1.

(1ii) Let i < r be a vertex of the quiver such that s(i) exists. Then there are two
possibilities. Either there are two vertices ki, ko with an arrow coming from i or
there is a unique vertex k with an arrow coming from i. In the first case,

(BY Bry) = (BY, Bry) = —1.

In the second case,

Proof. Let w be cominuscule. We start by showing that all three conditions hold.
(i) By lemma 5.4 the equality (3),w) =1 holds.

(ii) Since s(i) does not exist and i # r, we get §; # B,. Using lemma 5.4 we get

T

ST B = (8wt Y B

k—it1 k=—it1
= (B, wit1(—w))
= —1.

Again using that s(i) does not exists we have (8, 8;) € {0,—1} for all k € [i + 1,7].
That concludes part (i).

(iii) In the same way as before we prove the equality
y T —1 i Bi A By
> - 3 et ={,t 7
k=i+1 k=s(i)+1 y 1 ﬁz = Br~

Either way we get
s(i)

s(i)—1

k=i+1 k=i+1
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5 Cominuscule Schubert Varieties

This concludes part (iii).

To prove the other direction we start by showing the equality

r

(BY w)— Y (B B) =1 (5.1)

k=i+1

for all ¢ € [1,r] by descending induction on i. For i = r the equality (8,w) = 1 holds
due to (i). If s(i) doesn’t exist and ¢ # r, condition (ii) implies (5.1). If s(i) exists,
condition (iii) implies

s(4)

> (B, 8r) =0.

k=i+1

We can conclude because by induction the equality (5.1) holds for s(7).

To proof that w is minuscule we show part (iii) of Lemma 5.4 also by descending induction
on i. The equality w,4+1(—w) = —w always hold. For ¢ < r the equality (5.1) and the
induction hypothesis yield

wi(—w) = sgwit1(—w)
= sg,(~w+ B+ ...+ Bit1)
= —wH B4+ B + (B w) = D (B, Bk)B:
k=i+1
:—w+ﬁy«+...+5i. OJ

With this description of minuscule elements we are able to proof several useful facts.
Theorem 5.6. Let w be a minuscule (resp. cominuscule) fundamental weight.

(i) Minuscule (resp. cominuscule) elements have a unique reduced expression modulo
commutation relations.

(i) The Bruhat order in W/Wp, is the same as the weak Bruhat order.

Proof. (i) The only equations in W which could change a reduced expression beyond
commutation are given by the braid relations s,535453 = 5354535« and sq45354 = 5354583
for simple roots a and 3. The relation s,58545354 = 535458553 does not occur because
there is no (co)minuscule weight in the root system of type G2. We may assume that the
length of the root « is smaller or equal to the root 3. Therefore, the equality (3Y,a) = —1
holds. If any of the two relations is applicable, there is a reduced expression where 545354
occurs. But Lemma 5.5 shows that there has to be a second simple reflection in between
the two sq,.

(ii) The Bruhat order in the Weyl group W is generated by the relations u < v, where
[(v) = l(u)+1 and u is obtained from v € W by removing a simple reflection in a reduced
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5 Cominuscule Schubert Varieties

expression (see [Bjo05] Theorem 1.2.2.6). The weak Bruhat order in W is generated by
the relations u < v, where u is obtained from v € W by removing a simple reflection
from the left in any reduced expression. Let w = (sg,,...,sg,) be a reduced expression
of a minimal representative w € W modulo Wp_. It suffices to prove that removing any
simple reflection from w which is not at the left (modulo commutation) does not yield a
reduced expression. Let s, be a simple reflection which is not at the left for j € [1,7].
Then there is an 7 € [1, 7] with an arrow to j. By removing j Lemma 5.5 (ii) or (iii) fails
for 4 if j # r. If however j = r, then removing j yields a quiver not satisfying part (i) of
the lemma. O

Lemma 5.7. Every expression obtained from a quiver satisfying the conditions of Lemma
5.5 15 reduced.

Proof. If the expression would not be reduced, we could apply either a braid relation
or a relation si =1 for some o € S. As in the previous proof, that does not occur by
Lemma 5.5. [

It is desirable to link this description of minuscule elements to the Bruhat order.

Definition 5.8. (i) We define a partial order on the vertices of the quiver generated
by the relations j < 4 if there is an arrow from ¢ to j.

(ii) A subset I of a partially ordered set (P, <) is called an order ideal if the following
condition holds
(xel, z>yeP)=ycY.

This partial order is not the one defined in [Per07], but the reversed one. Note, that the
order ideals for our partial order are subquivers and have an induced poset structure.

Theorem 5.9 ([Per07], Proposition 4.5). Let w be a minuscule fundamental weight and
Q. the quiver of the minimal representative w,, of the maximal element in W/Wp, . The
quotient W/Wp,_ and the order ideals of Q. are isomorphic as partially ordered sets.

Proof. By taking the corresponding expression as described before in Section 3.3 we
define a map ¢ : {order ideals of @, } — W. Furthermore, we have the projection map
7 : W — W/Wp,. We are going to prove that 7 o ¢ is an isomorphism of partially
ordered sets.

We already know that there is at most one quiver to each reduced expression. Every
order ideal clearly satisfies the conditions of Lemma 5.5. Therefore, ¢ maps onto the set
of minuscule elements with respect to w. By Theorem 5.6 (i) injectivity follows.

Next we prove the surjectivity of m o ¢. Pick any element w € W which is minus-
cule with respect to w. Then w < w, and Theorem 5.6 (ii) implies the existence of
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5 Cominuscule Schubert Varieties
B, Bsy. .., Br € S such that w, = sg, -+ sg,w and w = sg,,,...s5,. This implies
that the quiver corresponding to w is an order ideal of @), proving surjectivity.
The assertion that we have an isomorphism of partially ordered sets is now a simple

consequence of Theorem 5.6 (ii). O

Finally, we are going to fix some further notation for some (co)minuscule element w € W
with respect to a (co)minuscule fundamental weight w. Recall the equality

Y(Py) = {a € S| sqw > w for the Bruhat order in W/Wpuw}.

Definition 5.10. (i) A maximal vertex of @), is called a peak. We denote the set of
peaks of Q by p(Qu)-

(ii) We call a vertex ¢ € @, a hole of @, if one of the following two conditions is
satisfied.

a) The vertex i is in Q, p(i) ¢ Qw and 5; € X(Py,).
b) The vertex i is not in @y, $(i) does not exist and f; € 3(Py,).

The holes satisfying the second condition are called virtual holes. We denote the
set of holes of @, by Holes(Qy) .

(iii) The height h(i) of a vertex i of @, is the largest integer n such that there is a

path consisting of n — 1 arrows from ¢ to the unique smallest vertex in @,

By the definition it is clear that S(Holes(Qy)) = X(Py). We give a purely combinatorial
description of a hole in the minuscule case. The cominuscule case is dealt with in the
next section.

Proposition 5.11. Let w be a fundamental weight and w # 1. A vertex i of Qy 1S a
hole of Q., if and only if one of the following two conditions is satisfied.

(i) The vertexi is in Qu, p(i) ¢ Qu and there are between one or two vertices ki, kg > 1
such that (B8, Br,;) # 0 for j = 1,2. Moreover, we need to have the following equality

for j €{1,2}
Y, o -1 7¢fk17£k2
B Bs) = {—2 Cif by = ko

(1) The vertex i is not in Q, s(i) does not exist and B; € O Supp(w).

Proof. The two conditions are exactly the ones that are needed such that part (ii) or (iii)
of Lemma 5.5 is still fulfilled after adding the vertex p(i) or i to the quiver Q.. O
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5 Cominuscule Schubert Varieties

Example 5.12. Let us go back to our previous Example 3.15. Instead of C5 we will
work over Bs. This doesn’t change anything on the quiver. It is only necessary, because
we have not really dealt with the cominuscule case. The holes are hi, ho, hs and the
peaks are pp, po.

ol

.z"‘opl oP2

NN
N
\

o

O O=—>—0

The vertex hy is the only virtual hole. The heights of p1, p2, h1, hs, hg are 4, 4, 5, 3, 3.

Lemma 5.13. Let Xp(w') be a Schubert subvariety of a (co)minuscule Schubert variety
Xp(w) stable under P,,. Then

B(Holes(Q.r)) C S(Holes(Quw))-

Proof. We have the inclusion P, C P,s. Therefore, 3(P,) C 3(F,) holds. That implies
the lemma. O

5.3 Quivers of Cominuscule Schubert Varieties

After having established many results on minuscule elements of the Weyl group we are
going to rewrite them for the cominuscule case. All statements in this section are obvious
reformulations. All proofs follow from the fact that W (R) = W (R") and are omitted.

Lemma 5.14. Let w = (sg,,...,58,.) be a reduced expression and w a fundamental
weight. Then w s cominuscule with respect to w if and only if the following three condi-
tions hold.

(i) The element B, is the unique simple root such that (8, w) = 1.

(i1) Let i < r be a vertex of the quiver such that s(i) does not exist. Then there is a
unique arrow from i to a vertex k and we have (8, 3;) = —1.

(iii) Let i < r be a vertex of the quiver such that s(i) exists. Then there are two
possibilities. Fither there are two vertices ki, ko with an arrow coming from i or
there is a unique vertexr k with an arrow coming from i. In the first case,

(B, Bi) = (B, Bi) = —1.
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In the second case,

Theorem 5.15. Let w be a cominuscule fundamental weight.

(i) Cominuscule elements have a unique reduced expression modulo commutation rela-
tions.

(i) The Bruhat order in W/Wp, is the same as the weak Bruhat order.

Lemma 5.16. Every expression obtained from a quiver satisfying the conditions of
Lemma 5.14 is reduced.

Theorem 5.17. Let w be a cominuscule fundamental weight and Q. the quiver of the
minimal representative w,, of the mazimal element in W/Wp_. The Weyl group W/Wp,
and the order ideals of Q. are isomorphic as partially ordered sets.

The definitions of a peak, a hole and the height remain the same in the cominuscule case.
However, the combinatoric description of a hole changes.

Proposition 5.18. Let w be a cominuscule fundamental weight and Q,, the quiver of the
minimal representative w,, of the mazimal element in W/Wp,. Furthermore, w € W\{1}
is cominuscule with respect to w. Then a vertex i of Qy 1s a hole of Q. if and only if
one of the following two conditions is satisfied.

(i) The vertex i is in Qu, p(i) ¢ Qu and there are between one or two vertices k1, ko > 1
such that (B3, ﬁkj> # 0 forj =1,2. Moreover, we need to have the following equality

for j €{1,2}
-1 ’ Zf kl 7& k2

Vv N\
<Bkj7ﬁz>_{—2 s if k= ko

(11) The vertex i is not in Qy, s(i) does not exist and B; € O Supp(w).

Lemma 5.19. Let Xp(w') be a Schubert subvariety of a cominuscule Schubert variety
Xp(w) stable under P,. Then

B(Holes(Q.r)) C S(Holes(Quw))-
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6 Divisors of Cominuscule Schubert
Varieties

For the rest of this thesis we are only going to deal with cominuscule Schubert varieties.
There are two cases which are not minuscule. The first one is C,, with weight w,,, while
the second one is B, with weight w;. Furthermore, we also need some results in the
A, case. All the following results have corresponding statements in the minuscule case.
They are to be found in |Per07|. In this section we describe further properties of divisors.
At first, we need a description of the quivers of the maximal elements. They are given
by the maximal quivers satisfying the conditions of Lemma 5.14.

Proposition 6.1. (i) If G has root system C,, and P is the maximal parabolic cor-
responding to the fundamental weight w,, the quiver of the mazimal element in
W/Wp can be described as follows. The vertices are given by the set

Q:={(x,y) € [1,n|x[1,2n—1] | z4+y = n+1 (mod 2), z+y > n+1, y—z <n—1}.
The coloring B : Q — S is given by (x,y) — «y. We define two subsets of Q by

A= {(:L",y) €Q ’ rz+y=n+1and (x,y);é(n,l)},
B:={(z,y) € Q [ x =n and (z,y) # (n,1)}.

Then we define the following arrows.
o If (z,y) € A, there is an arrow (z,y) — (z+ 1,y — 1).
o If (x,y) € B, there is an arrow (z,y) — (r — 1,y — 1).
(

o If(z,y) € Q\(AUBU{(n,1)}), there are two arrows (x,y) — (r — 1,y — 1)
and (x,y) = (x + 1,y — 1).

This quiver looks as follows.
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(1) If G has root system B, and P is the mazimal parabolic corresponding to the fun-

damental weight wy, then W = Sq, ** - Sa,_1SanSan_1 *** Say 48 the mazimal element
in W/Wp. The quiver Q, looks as follows.

O—O0:-0:>:0

(13) If G has root system A, and P is the mazimal parabolic corresponding to the fun-
damental weight wy, for k € [1,n], the quiver of the mazimal element in W/Wp can
be described as follows. The vertices are given by the set

Q= {(z,y) € [1,n]* | z+y = k+1 (mod 2), z+y € [k+1,2n—k+1], y—z € [1-k, k—1]}.
The coloring B : Q — S is given by (z,y) — ay. We define two subset of Q by

A={(z,y) €Q |z+y=k+1 and (z,y) # (k,1)},
Bi={(r,9) €Q|y—z=1—Fk and (x,9) # (K, 1)}

Then we define the following arrows.
o If (x,y) € A, there is an arrow (z,y) — (z + 1,y — 1).
o If (x,y) € B, there is an arrow (xz,y) — (r — 1,y — 1).

o If (z,y) € Q\(AU BU{(k,1)}, there are two arrows (z,y) — (x — 1,y — 1)
and (z,y) —» (x + 1,y — 1).

This quiver looks as follows.

o/ O\o
\o/
AL .. O
N A\
\o/
N
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6 Divisors of Cominuscule Schubert Varieties

6.1 The C,-Case

In this chapter we will do some computations in the C), case. In Section 4.2 we computed
properties of divisors in terms of the roots (v;);c1,,- Having concrete quivers we are now
able to compute this even more explicitly. Let w = (sg,,. .., s3,) be a reduced expression
of a cominuscule element with respect to w,,.

Proposition 6.2. Let QQ be as in Proposition 6.1, Q, C Q the quiver corresponding to
w and i = (v,2) € Qu. We define the set

C:={j=(2,y) €Qu | jx=iand (v, v) #0}.
Then we have the equality
C={j=(,y9)€Qul|jriand (y—x=z—vorz+y=v+zorz+y=z—v+2n)}.
Moreover, for all j € C we have the equality

2, if v; is shorter than ~;
(i) = { ’ '

1, otherwise.

Remark 6.3. Assuming Q,, = @ the following diagram shows the subquiver of @ con-
sisting of all vertices j € @ with j > . The filled vertices and all the vertices on dotted
lines between them are exactly the ones in C.

./o.:._.‘.v‘ o/o
NN
./O\. -__v‘.v./o
Ny .
®) ®)
Bi # an Bi = an

Proof. We have the equality (v}, vi) = (8}, g, - .- $5,_,(8i)). Therefore, it suffices to do

the calculation for the maximal element in W/Wp. Let f:{j = (z,y) € Q| j =i} - Z
be the map defined by

j = coefficient of B; in sp, - s5,_, (i)
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6 Divisors of Cominuscule Schubert Varieties

An induction on the ordering of @) yields

1 ,ifx=n
fle,y) =41 ,ife+yev+z,z—v+2n—2]andy —z € [z —v,n — 1]

2, otherwise.

The following diagram shows the values of f written on the place of the vertices of the

quiver. 1
2:__...
, A
I 1 1
1 17 M 2
O
\1/ \1
Bi 7é Qp Bi = oy,
From this it is easy to calculate (7]\-/, ~i) and the proposition follows. O

The proposition was formulated for a fixed ¢. We can also formulate it for a fixed j as
follows. Let Q. C @ be the quiver corresponding to w and let j = (z,y) € Q. We
define the set

Di={i=(v,2) € Qu|i=jand (3,%) # 0}

Then we have the equality
D={i=w,2)€Qypl|izjand (z—v=y—zorvt+z=z+yorz—v=x+y—2n)}.
Moreover, for all j € D we have the equality

<7\»/,%) _ 2, if ~y; is shorter than ~;
’ 1 , otherwise.

The following diagram shows the subquiver of @, consisting of all vertices ¢ € Q,, with
i = j. The filled vertices and all the vertices on dotted lines between them are exactly
the ones in D.
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6 Divisors of Cominuscule Schubert Varieties

o/.J\o
.\o__,-"" - ._”_”.O/'Vo\. y
LN o
\Of”. \Ofv“
/Bj # ap Bj = Qp

Together with Proposition 4.36 we can calculate L.

Corollary 6.4. We have the equality

L= ), 2%+ ), &

1€Qw,BiFan 1€Quw,Bi=an

As another consequence of Proposition 6.2 we can calculate the canonical divisor of X (w).
Recall the definition of the height in Section 5.2. For notational purposes we define the
adjusted height of each vertex ¢ by

» h(i)  Af B # om
h(i) =9, . .
h(i) +1 ,if i = ap.
Corollary 6.5. We have the equality

. h' (i) + 2
EKzm= 2, F@O+2&+ Y — &
1€EQw,BiFon 1€EQw,Bi=an

Proof. This can be computed using the description —KX(@) =351 O (7)) &k
]

The Picard group and the divisor class group of Xp(w) can be described in terms of the
elements D; = m,&; for i € p(Qu).

Proposition 6.6. The divisor class group of Xp(w) is the free abelian group generated
by the classes D; for i € p(Quw). The Picard group is free and generated by the class

Lw)=m(Ly)= Y 2D;+ > D

1€p(Qu) i€p(Quw)

i F O Bi=an
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6 Divisors of Cominuscule Schubert Varieties

Proof. The claim about the divisor class group follows from Theorem 3.8. However, for
divisors there is the following easier argument, than what was done in [FMSS95].

The complement of the open Schubert cell BwP/P is given by the union of the divisorial
Schubert divisors. There is an n € N such that BwP/P is isomorphic to the affine space
A"™. Because the divisor class group of A" is trivial, the group A'(Xp(w)) is generated
by the classes of the divisorial Schubert varieties. Since we are in the cominuscule case,
they are given by [Xp(sgw)] = m (&) for i € p(Qu). Let 3 icpq,) aDi = 0 be some
relation in the divisor class group. Then there is a rational function f on X(w) with
no zero or pole on BwP/P = A". Therefore, f is constant which implies a; = 0 for all

i € p(Qu)-

We proved in Theorem 4.37 that the Picard group of Xp(w) is isomorphic to Z and is
generated by the element 7.(L) = Og/p,(1)|xp(w)- The dimension of 7(Z;) is different
from the dimension of Z; if ¢ ¢ p(Qy). Therefore, m. (&) = 0 for all i ¢ p(Qy). That
concludes the proof. O

As a consequence we can determine whether Xp(w) is locally Q-factorial.

Corollary 6.7. The Schubert variety Xp(w) is locally Q-factorial if and only if the
quiver QQy has a unique peak. Furthermore, it is locally factorial if and only if Q. has a
unique peak i such that B; = ay,.

For any normal variety the canonical sheaf can be defined as the extension of the canonical
sheaf of its smooth locus. See for example |[BKO05| Remark 1.3.12 for more details.
Therefore, we can speak about the canonical divisor Kx (). To actually compute it we
need to recall the following facts.

Fact 6.8 (|[BKO05|, Lemma 3.4.2). Let f : X — Y be a rational resolution of a variety
Y. Then'Y is Cohen-Macaulay with canonical divisor f«(Kx).

Fact 6.9 (|[BKO05|, Theorem 3.4.3). The Bott-Samelson resolution is rational.

In particular, the equality Kx () = 7« (K)?(m)) holds. We define h/(w) = max;ecq,, 1/ (7).
As a consequence of Corollary 6.5 and Proposition 6.6, the following proposition follows

immediately.
Proposition 6.10. We have the equalities

—Kxpw) = Z (W' (i) +2)D; + Z Wl%

i€p(Quw) i€p(Qu)

BiFan i —0n
W (w) +2 g W (i) — h'(w)
= L(w)+ > (W) =W (w)Di+ > ————Di.
1€p(Quw) 1€p(Quw)
BiFan Bi=an,
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6 Divisors of Cominuscule Schubert Varieties

This enables us to determine whether Xp(w) is Q-Gorenstein.

Corollary 6.11. The Schubert variety X p(w) is Q-Gorenstein if and only if ' (i) = h'(j)
for all peaks i and j of Q.. Moreover, it is Gorenstein if and only if h'(i) = h/(j) for all
peaks i, j of Qu and W' (w) is even.

Let us give some examples.

Example 6.12. Let G have root system Cy and w = 54, SayS5a,SasSay- Lhe quiver Qy,
is given as follows.

(¢]

\O O
%
\O

The next diagram shows the quivers of the two Schubert divisors.

@)

O, O \O
% N
\O \O

We have the equalities L(w) = 2Dy + D3 and Kx () = 6D1 + 3D3. Therefore, Xp(w)
is Gorenstein, but not locally Q-factorial. The example w' = $4,Sas8q, yields a Schubert
variety, that is locally Q-factorial and Q-Gorenstein, but is neither locally factorial nor
Gorenstein.

6.2 The B,-Case

We will now prove corresponding results in the B,, case. Let w = (sg,,...,53,) be a
reduced expression of a minuscule element with respect to ws.

Proposition 6.13. Let j € Q.. We define the set
A:={i€Qy|i=jand (v, ) #0}.
Then the equality
A={icQy|i=jand (B #Bjori=7j)}

holds. Moreover, for all i € A we have the equality

v _J 2, ifvj s shorter than
1, otherwise.
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6 Divisors of Cominuscule Schubert Varieties

Remark 6.14. The following two diagrams show the subquiver of Q),, consisting of all
vertices ¢ € @y, with ¢ < j. The first one deals with the case, where an s € @, exists
with B = a, and j = s. The second one deals with the remaining case. The filled
vertices and all the vertices on dotted lines between them are exactly the ones in A.

oJ
.\.
../
e oj
. . /o.
(@] O—0—0 O=>:0 o—O o]

Proof. The proof works in the same way as in Proposition 6.2. We leave the details to
the reader. 0

Corollary 6.15. We have the equalily
L= ), &+ Y 2%
1€Qw,BiFan 1€Quw,Bi=an
Corollary 6.16. We have the equality

g = 12R(8)E 2 ()& + 30 () + )& if 35 € Qu with B = an
X(w) Zz‘eQw(h(i) +1)&; , otherwise.

Proof. This can be computed by using the description Kz = ket O 0 vi)) ke

O
As before we define D; = ,&; for i € p(Q,). We can compute the Picard group and the
divisor class group of Xp(w) in the same way as in Proposition 6.6.

Proposition 6.17. The divisor class group of Xp(w) is isomorphic to D, - Z, where p
is the unique peak of Q. For the Picard group we get

Dyp-Z , if Bp # om

Pic(XP(w))g{w L if By =an
p ; p = On
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6 Divisors of Cominuscule Schubert Varieties

Corollary 6.18. The Schubert variety X p(w) is locally Q-factorial. It is locally factorial
if and only if B, # ap.
As in the C, case the equality Kx () = W*(K)}(a)) holds.

Proposition 6.19. Let p be the unique peak of Q. We have the equality

h(p)D, ,if ds € Qu with Bs = oy and p = s
_KXP(w) = 4 2h(p) Dy s if Bp = an
(h(p) +1)D, , otherwise.

Corollary 6.20. The Schubert variety Xp(w) is Gorenstein.

6.3 The A,-Case

Finally, we are going to deal with the A, case. The proofs work exactly the same way
as before. Therefore, we will omit them. Most statements can also be found in more
generality in [Per07] for all minuscule elements. Let w = (sg,,...,s5,) be a reduced
expression of a minuscule element with respect to wy for some k € [1,n].

Proposition 6.21. Let Q,, C Q be the quiver corresponding to w andlet j = (x,y) € Q.
We define the set

Ci={i= (v.2) € Qu | i % j and (3/,7) #0}.
Then we have the equality
C={i=w,2)Rjlz—v=y—zorv+z=x+y}.
Moreover, for all j € C we have the equality <'ij,%> =1.

Remark 6.22. The following diagram shows the subquiver of @), consisting of all ver-
tices 1 € @y, with ¢ < j. The filled vertices and all the vertices on dotted lines between
them are exactly the ones in C.
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6 Divisors of Cominuscule Schubert Varieties

Corollary 6.23. We have the equality L, = Zz’eQw &.

Corollary 6.24. We have the equality —Kg o =3 icq, (h(i) + 1)&:.

Again, we define D; = 7,.&; for i € p(Qy)-

Proposition 6.25. The divisor class group of Xp(w) is the free abelian group generated
by the classes D; for i € p(Qu). The Picard group is free and generated by the class

Lw) =m(Ly)= Y D
1€p(Quw)
Corollary 6.26. The Schubert variety Xp(w) is locally Q-factorial if and only if it is
locally factorial, which happens if and only if the quiver Qu has o unique peak.
We define h(w) = max;cq,, h(i).
Proposition 6.27. We have the equalilies

~Kxpw) = (h(i)+1)D;
i€p(Qu)

= (h(w) + DL+ > (h(i) = h(w))D;.
i€p(Quw)

Corollary 6.28. The Schubert variety X p(w) is Q-Gorenstein if and only if it is Goren-
stein, which happens if and only if all peaks of Q. are of the same height.
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7 Resolutions

7.1 Generalization of Bott-Samelson’s Construction

In this section we recall a generalization of the Bott-Samelson variety. We follow the
lines of [Per07]. For any minuscule w € W we define projective varieties X (@) with a
birational morphism 7 : X (W) — X (w). In important special cases this variety has at
most terminal singularities. Moreover, the Bott-Samelson resolution will factor through
X (@). The former one is constructed as a tower of locally trivial P!-fibrations, while
X (@) is constructed as a tower of locally trivial fibrations with fibers isomorphic to
Schubert varieties. Notice, that the general construction won’t need w to be minuscule.

At first we will describe how one step in constructing X (w) is done. Let u € W and
Y be a variety on which a parabolic subgroup Py containing B acts. We also assume
that the inclusion P* N G, C Py holds. Remember that we have the isomorphism
Xpu(u) = (P, NGy u(P*NGy)/(P*NGy,). That will enable us later to regard X pu(u)
as minuscule, though u is not minuscule in W. We define

Let f: Y (u) = (PyNGu)u(P*NG,)/(P*NG,) be the map induced by the first pro-
jection. The subgroup P}A,(u) is defined by

(P

) = (B(FPy) N Supp(u)?) Ud Supp(u) U (X(Pu) N Supp(u)).

Lemma 7.1 (|Per07|, Lemma 5.1). (i) The morphism f is a locally trivial fibration
with fiber Y.

(i) We have the inclusion P, N G, C Py The action of P, N Gy on Y (u) extends

(u)’
to P?(u) .

Proof. We have the inclusion (P, N Gy )u(P*NG,) xT"Gu Yy < G, xP«"Gu Y There-
fore, it suffices to prove that the latter space is locally trivial over G, /(P,NG,,). Hence,
we may assume u to be the unique maximal element in W/Wpu for the Bruhat order.
The morphism f is trivial over the open set BuP"/P" and the action of G gives an open
covering on which f is trivial. That proves (i).

The first assertion of (ii) follows from ¢, (P, N Gy) = EGU(P{/(U) N G,). We are done
with the second statement if we can find a parabolic subgroup @ C G such that Q C Py
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7 Resolutions

and the natural map (P, N Gy )u(P*NG,)/(P*NGy) — P};(u)uQ/Q is an isomorphism.
We define @) by

%(Q) = (X(Py) N Supp(u)®) U (5(P*) N Supp(u)).

To get the isomorphism we use Proposition 3.12. In order to do that, we need to use the
following inclusions and equalities.

P,.NG, = Y (u) NGy

P Y (u) € Py
QNG,=P'NG, O
Definition 7.2. (i) An s-tuple @ = (wy,...,ws) is called a generalized decom-

position of w if w = wy - -w, holds. Furthermore, it is called reduced if the
equation [(w) = Y7, l(w;) is true.

(ii) We define a sequence of parabolic subgroups by Py = P, and
Y(P;) = (2(Pig1) N Supp(w;)€) U 9 Supp(w;) U (X(Py,) N Supp(w;))
for i € [1,s —1].

(iii) The generalized decomposition @ is called admissible if P*i NGy, C P4 for all
iell,s—1].

(iv) The generalized decomposition @ is called good if it is admissible and P; = Py,...us,
forallie[1,s—1].

In the following w = (wy,...,ws) will always denote a reduced admissible generalized
decomposition. We can apply the previous construction inductively as follows. The vari-
ety X, (@) is defined to be X pun (wy). For each i € [1, s —1] we define X;(w) = Y (w;) for
Y = X;11(w). Moreover, the parabolic subgroup Pf(i (@) is given by P;. Finally, we define
X(w) := Xy(w). In the same way as for the Bott-Samelson variety the multiplication
map 7 : X(W) — Xpw(w) is birational.

7

.3. The variety )?('@) is a tower of locally trivial fibrations with fibers X pw; (w;).
Proof. This follows directly from Lemma 7.1. O

In the (co)minuscule case there is a nice condition for a reduced generalized decomposition
to be good.

Definition 7.4. We call W = (wy,...,ws) (co)minuscule if w is (co)minuscule and w;
is (co)minuscule in G, for all i € [1, s].
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7 Resolutions

Lemma 7.5. Let w = (wy,...,ws) be (co)minuscule. Then @ is good if and only if
PV NGy, € Pyyyyow, and 0 Supp(w;) € X( Py, ) for all i € [1,s —1].

Proof. Notice that w being (co)minuscule implies w; - - - ws to be (co)minuscule for all
€ [1,s]. If w is good, then clearly 0 Supp(w;) C X(Py,...w,) holds for all i € [1,s — 1].
Therefore, we are done with both directions of the proof if the following implication
holds.
O Supp(w;) € X(Py,.w,) Vi € [1,8 = 1] = P; = Py, Vi € [1, 8]

We will prove this by descending induction on i. The case ¢ = s simply follows by
definition.

Let a € X(Py,..w,). We showed previously that (P,) = [(Holes(Q,)) holds for all
(co)minuscule elements v € W. If a € Supp(w;) holds, then « corresponds to a hole
of Qu,, which implies o € X(P,,) N Supp(w;) C X(F;). For a € 9 Supp(w;) we clearly
have a € X(F;). Finally, if & € Supp(w;)¢ N 0 Supp(w;)¢, then a corresponds to a hole
of Qu,,,-w,- By induction we get

o € X(Py,,yw,) NSupp(w;)® = X(Piy1) N Supp(w;)® € X(F).

Let a € X(F;). If a € Supp(w;), then « is a hole of Q,,, hence a hole of Qy,...,,. That
implies a € X(Py,..w,). For a € 0 Supp(w;) the hypothesis implies o € X(Py, .., ). If
a € Supp(w;)® N0 Supp(w;)€, then o € X(Piy1) = (P, ---w,) by induction. Therefore,
a corresponds to a hole of Qu,...w,, which implies o € X(Py,...w, )- O

Lemma 7.6 (|Per07], Lemma 5.6). Let w be (co)minuscule and i € [1,s — 1]. Assume
further that for all 3 € Supp(w;) and B € Supp(w;t1) the equality (3Y,3) = 0 holds.
The decompositions W' and w" defined by

wr o, if ke[l s]\{i,i+ 1} w, ,ifkel,i—1]
’Ll);C = § Wi+1 ’ka =1 ,wg = § W;Wiy+1 , ka =1
w; Cifk=1i+1 Wkt 1 ifkeli+1,s—1]

are (co)ml‘nuscule reduced admissible generalized decomposition. There are isomorphisms
X(0) 2 X(0') = X ("), which respects the multiplication map to X pw(w).

Proof. The claim on the decompositions is a simple calculation using the definition of
being admissible. For the second statement we have to deal with the following situation.
Let A, B be parabolic subgroups of a semisimple group G and C, D be parabolic sub-
groups of a semisimple group G’. Assume that B and D act on a variety X such that
their actions commute. Moreover, u is an element of the Weyl group of G and v is an
element of the Weyl group of G’. Then we consider the variety AuB x? (CvD xP X),
where B acts on CvD xP X by acting on X. There are the following isomorphisms.

AuB xB (CvD xP X) = (A x C)uv(B x D) xP*P X
>~ CvD xP (AuB xP X)
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7 Resolutions
That concludes the proof. O

We prove now that the Bott-Samelson resolution factors through the variety X (@). Let
w; = (815, .-,5r,i) be a reduced decomposition of w; for all ¢ € [1, s].

Lemma 7.7 ([Per07], Lemma 5.7). The expression w = ([[}_, [1E s si) [lemin we
is an admissible generalized reduced decomposition for all i € [1,s]. We denote it by
~/ __ / /

w, = (wy,...,wh).

Proof. Clearly, w, is reduced. Because w is admissible we have PYkN Gw;c C Py for all
k€ [N—n+i,N—1]. For k € [I, N—n+i—1] there is 8 € S such that wj, = sg and G,
is the semisimple group of rank 1 containing Ug. That implies PYi N Gw; C BC Py
Therefore, the expression w, is admissible. ]

For all g € S we have

Xp(ss) = BsgB/B = (Py, NGy, )s5(P% N Gy,) /(P N Gy,).

Therefore, X (@/,) is the Bott-Samelson variety. We have a map m; : X (@) — X (@,_,)
induced by the multiplication map
ri
H (Ps;, NGy, ,)s54(PiNG
j=1

) = (P, N Gy, wi(P¥ N Gy,).

83,

Moreover, we denote the morphism 71 o... 07, : X (@) — X (@) by 7.

Proposition 7.8 ([Per07], Proposition 5.9). The map 7 is birational and the Botl-
Samelson resolution m: X (w) — Xpw(w) factors through 7.

Proof. The same proof as for the Bott-Samelson resolution shows that 7 is birational.
The second statement follows because it doesn’t matter in which order we multiply. O

We are going to generalize the description of the Bott-Samelson variety in Proposi-
tion 4.7 to X(@). The map ¢ : G xF ... xP""1 G/P¥ — [[;_, G/PY given by
(915---,9s) — (91,9192,---,91 - gs) is an isomorphism. Indeed, the inverse map is

given by (Z1,...,Z5) — (gl,gl_lgg, .. ,gs__llgs). We identify X’(z’z}) with it’s image under
?.

Definition 7.9. By m(Q.) we denote the set of minimal elements of Q. The set
mg(Quw) is the union J7_; m(Qu,)-

Let @ be (co)minuscule. Then for m € m(Qy,) the equality P = PP» holds. Without
much difficulty we can see that the projection [[7_; [[}2, G/PPi — ] Qw) G /PP
indcues the map 7.

i€mg(
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Definition 7.10. By pg(Q.) we denote the set |J;_; p(Qu,).
Proposition 7.11 (|[Per07|, Corollary 5.11). Let @ be (co)minuscule.

(i) Let K C [1,r]. The variety Zx is not contracted by 7 if and only if for all i € [1, s]
the subword of w; obtained by removing sp, for all j € K s reduced.

(ii) The divisor class group of )?(@) 18 the free abelian group generated be the classes
7«(&5) for all j € pa(Qu)-
(15i) The group of curves modulo linear equivalence Al()?(ﬁ)\)) is the free abelian group

generated by 7. ([C}]) for all j € mg(Qu).

Proof. This proposition follows from the fact that X (w) is defined as a tower of locally
trivial fibrations with fibers Xpw; (w;). Part (i) follows from Proposition 4.26. The
other two statements follow from Theorem 3.8. The fact that the decomposition is
(co)minuscule is only needed for the concrete description as images of 7. O

7.2 Decompositions of Cominuscule Quivers

Keeping the notation of last chapter, we want to find cominuscule good generalized
reduced decompositions. Let G be a group with root system C,, and P the maximal
parabolic subgroup with X(P) = {«a,}, where a,, is the long simple root (see [Bou68|
notations). All the statements in this section have corresponding results in the simply
laced minuscule case due to [Per07]. Let w € W be a cominuscule element.

Definition 7.12. (i) Let g € Q. be the biggest vertex with 5, = a,. We define

) ~ Jp(Qu)U{gt if an—1 € B(p(Qu))
P(Qu) = {p(Qw) , otherwise.

(i) Let A C p/(Qw). Then we define the set
Qu(4) = {i € Qu | Fj € P (Qu)\A, i Zj}.

The complement is denoted by Qu(A4) := Qu\Quw(A).

We show that these subquivers correspond again to cominuscule elements.
Proposition 7.13. Let A C p(Qy) C P (Qu)-
(i) If #A =1, then Q. (A) is connected.

(ii) The subquiver Q. (A) corresponds to a cominuscule element.
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(iii) The equalities p'(Qu(A)) = p(Qu(A)) = A and p'(Qu(A)) = p'(Qu)\A hold.

(iv) Fach connected component C of Qu(A) corresponds to a cominuscule element in
the Weyl group of the semisimple group containing U, for all o € B(C).

Proof. The first and third statement are obvious. The second claim follows directly from
Theorem 5.9. We are left to prove the fourth statement. This will be done in several
steps. First we prove that C' has a unique minimal element. This can be used to show
that C' fulfills the properties of Lemma, 5.14.

Asgsume there are two different minimal elements j; # jo of C. Let j; = ig,41,...,% = jo2
be a sequence of vertices in C such that for all & € [0,]—1] there is an arrow connecting i,
and 1. We can choose this sequence such that [ is minimal. Moreover, let z € [1,{—1]
be minimal such that i; = i,—1 and iz > i,41. Such an x exists because j; and jy are
both minimal elements. By the minimality of [ we also have i,_1 # i,11. Therefore,
Lemma 5.14 yields the existence of s(i;) as an element of Q,,. But by Proposition 6.1
there is no other vertex than i, and i,41 in @, with an arrow to s(i,). That means
s(iz) is in C. Replacing i, in the sequence by s(i;) we get a new sequence where x is
reduced by 1. Repeating this process we get a sequence with i; > ig and 41 > i2. By the
same argument we have s(i1) € C and get a contradiction to j; being minimal. Hence,
there is a unique minimal element in C.

Next we prove the three properties of Lemma 5.14.

(i) We need to prove that the unique minimal vertex in C' corresponds to the simple
root of a cominuscule fundamental weight in the Weyl group of the semisimple
group containing U, for a € §(C). Let m be the minimal vertex in C' and «, the
long simple root. Since in the root system of type A,, all fundamental weights are
cominuscule and in the C), case only the fundamental weight corresponding to a,
is cominuscule, we need to prove the following implication.

/Bm#anian %,B(C)

Let By, # oy, and assume «,, € B(C). Then we can choose k € C minimal such that
Br = an. By Proposition 6.1 there is a unique vertex j € @y, with an arrow coming
from k. Due to k not being minimal we get j € C. Again by Proposition 6.1 the
only arrow ending in s(k) comes from j. But that implies s(k) € C' contradicting
the minimality of k.

(ii) Let k& € C be any element which is not minimal. Assume s(k) doesn’t exist in
C. Then there are two possibilities. On the one hand, assume that s(k) doesn’t
exist in Q. By Lemma 5.14 there is a unique arrow from k to a vertex j € Q.
Because k is not minimal we get j € C. On the other hand, assume that s(k) does
exists, but is not a vertex of C. Again using Proposition 5.14 there are at most
two vertices k1, ko € @y with an arrow coming from k. Since k is not minimal one
of k1 and kg has to be in C. But these are the only vertices with an arrow to s(k).
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Since s(k) is not an element of C, we get ki # ko and k1 ¢ C or ko ¢ C. But that
means exactly one of them is in C.

(iii) Let k € C be any element which is not minimal. Assume s(k) exists as an element
of C. Again there are at most two different vertices k1 and ko between k and s(k).
If k1 ¢ C or ka2 ¢ C, then s(k) ¢ C which contradicts the assumption.

Thus, C corresponds to a cominuscule element. O

Having this proposition in mind we are able to decompose the quiver such that we get
a cominuscule good generalized reduced decomposition. Let (Ai)ie[l,s] be a partition of
P'(Qu). If there is a vertex p € p(Qu) with 8, = a,,—1 and ¢ is the biggest vertex such
that 3, = o, then we assume the condition

pE A, g€ A= k<. (71)

Inductively, we define Qg := Qu and Q; := @i,l(Ai) for all 4 € [1,s]. Note, that this
depends on the ordering of the sets A;.

Lemma 7.14. By setting Qu, := Qi—1(Ai) we get a cominuscule good generalized reduced
decomposition W = (w1, ..., ws) of w. Moreover, the equality p'(Qu) = ps(Qw) holds.

Proof. Except from the fact that @ is good everything follows easily from the last propo-
sition. To show that w is good we will use Lemma 7.5.

(i) At first, we show the inclusion P** N Gy, € Py, ..w,- This follows from the
following implication.

j € Holes(Qi_1(4;)), B; € Supp(w;) = p(j) exists and is minimal in Q;—1(A)

The existence of p(j) follows from f; € Supp(w;). There are one or two vertices
between j and p(j). Due to j being a hole, they are both in @;—1(A). But that
means no element in Q;_1(A) is smaller than p(j).

(ii) To conclude the proof we need to show the inclusion 0 Supp(w;) C X(Py,..w, ). Let
a € OSupp(w;). If we have o ¢ Supp(w; - - - ws), then « corresponds to a virtual
hole and we are done. If & € Supp(w; - - - ws), then there is a vertex j € Qu,....o, SUch
that 5; = . We choose j to be the biggest such vertex. Because ; € 0 Supp(w;),
there is a vertex k € @y, with an arrow to j. The maximality of j implies that p(j)
does not exist. Assume that j is not a hole of Q,...o,- Then k is the only vertex
with an arrow to j and we get j € @Q,. That is a contradiction to 3; € d Supp(w;).
Therefore, we have o = 3; € (P, ..w, )-

Therefore, w is indeed good. O

We want to investigate further into some special cases of the last construction.
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Definition 7.15. We say that a partition (A;);cq1,q of p'(Qu) satistying (7.1) is of
construction 1 if #A4; =1 for all i € [1, s].

Before we can introduce further constructions we need to prove some other results first.

Lemma 7.16. Let w be obtained from construction 1. Assume that j, k € mg(Qq) are
vertices such that there is an x € Qy with x = j and x = k. Then we have either j = k
ork = 7.

Proof. There are a,b € [1, s] such that j € Qu, and k € Q,. We prove the lemma by
induction on (a, b) via the following ordering on [1, s]2. The relation (i,5) < (k,l) holds if
max{i, j} < max{k,[} or the two inequalities max{i, j} < max{k,l} and |i —j| < |k —1]
hold. If the equality a = b holds, then we have j = k.

Assume a # b holds. Let z € @, be a minimal vertex for the condition x = j and x > k.
Assume j # x # i. By Lemma 5.14 there are in between one or two arrows starting in x.
If there would be a unique arrow starting in x, we get a contradiction to the minimality
of . Therefore, there are two arrows starting in x ending in some vertices y1,y2 € Q-
Again using the minimality of x we can assume without loss of generality that we have
the relations y1 = j, y1 / k, y2 % j and yo = k. Because there are two arrows starting in
x, the successor s(x) exists. If the relation s(x) = j holds, then we get the contradiction
ya2 = j. Therefore, the relation s(z) ¥ j holds. The same argument yields s(z) % k.

There are c¢,d,e € [1,s] such that s(z) € Qu., y1 € Qu, and y2 € Q. Due to
s(z) < y1,y2 the inequalities ¢ > d and ¢ > e hold. Similarly, we have a > d and b > e.
Because w is of construction 1, there is a unique peak p of @Q,,. Therefore, we have
the relation s(z) < p. Since the only vertices with arrows to s(z) are y; and ya (see
Proposition 6.1), we also have p = y1 or p > yo. That implies ¢ < d or ¢ < e. Hence, we
established ¢ = d or ¢ = e. Without loss of generality we may assume ¢ = d.

At this point we distinguish between several cases.

(i) Assume the equalities ¢ = d = a hold. The vertex j is minimal in Q,,, which gives
the contradiction ys = s(x) = j.

(ii) Assume ¢ = d < a < b. Let m be the minimal vertex in @, . Then we have
the relations x = s(x) = m and x = j. We use induction ((¢,a) < (a,b)) to get
m = jorm >~ j. But now ¢ < a implies m > j. That gives the contradiction
y2 = s(x) = m = j.

(iii) Assume b < ¢ = d < a. Then we have (¢,a) < (a,b). Therefore, we can do the
same as in the second case.

(iv) Assume ¢ = d < b < a. Then we have the relations x > s(z) = m and =z * k.
We use induction ((¢,b) < (a,b)) to get m = k or m = k. But now ¢ < b implies
m = k. That gives the contradiction y; > s(z) = m = k.
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7 Resolutions

These are all possible cases which concludes the proof. ]

Corollary 7.17. Let W be obtained from construction 1 and i € mg(Quw)\m(Quw). Then
the element
f(i) := max{j € mg(Qu) | i > j}

ex1sts.

Proof. The preceding lemma shows that {j € mg(Qw) | ¢ > j} is totally ordered. The
finiteness of mg(Qy) proves the lemma. O

In construction 1 every quiver (), has a unique peak. Therefore, we define f on the
peaks as follows. For p € p(Qy,) let m be the corresponding minimal element Q,,,. Then
f(p) is defined to be the peak above f(m). With this in mind we are able to give two
new constructions as a special case of construction 1.

The following idea of a neat ordering was first introduced in |Zel83].

Definition 7.18. (i) An ordering (i1,...,1s) on the set of peaks of @, is called neat
if for all k € [1, s—1] the inequality h(ix) < h(f(ix)) holds. A partition (A;);c)1,q 18
called of construction 2 if it is obtained from a neat ordering using construction
1.

(ii) An ordering (i1,...,7s) on the set of peaks of @, is called kind of neat if for all
k € [1,s —1] the inequality h'(ix) < h'(f(ix)) holds. A partition (A;);c[1,4 is called
of construction 3 if it is obtained from a kind of neat ordering using construction
1.

Let us give some examples of these decompositions.

Example 7.19. (i) The following decomposition in the Cjg case is of construction 2,
but not 3.

(e}

\O . O, . O
NN
NN
A

(ii) This decomposition in the C5 case is of construction 3, but not 2.



7 Resolutions

(iii) The third decomposition in the Cg case is of construction 1, but neither 2 nor 3.

o

\o . o . o

\o/ xo/

NN,

N

\O

(iv) This last decomposition in the Cy case is of construction 3, but not 2.

o . o .-
N/
\O
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8 Relative Mori Theory of Cominuscule
Schubert Varieties

In this chapter we describe all relative minimal models of cominuscule Schubert varieties
in the C, and B, case. This will be done by mimicking the approach for minuscule
Schubert varieties in [Per07]. As Mori theory is only developed in characteristic zero, we
need to assume k = C. For more background on Mori theory we refer to [Mat02]. After
establishing some general results we will deal with the C,, and B, cases separately.

Let @ be a cominuscule good reduced generalized decomposition of an element w € W.
Recall from previous chapters that we have the following commutative diagram.

X (0) —=— X (@)

For all i € pg(Qw) we denote D; = 7«(&). In Proposition 7.11 we proved the iso-
morphisms
AX@)= @ z-D
1€pg (Qu)
and ~
A(X@) = @ Z-7[C]
i€mg(Qu)
We have also seen that )A((@) can be identified with a subvariety of [[;c,,_(0u) G/ P5i.

Therefore, there is a map p; : X (@) — G /PP induced by the corresponding projection
for all i € mg(Qy). We define the sheaf M; as pfO(1). By the definition of the sheaf £;
on the Bott-Samelson variety X (w) it is not hard to see that 7*M; = £; holds.

Lemma 8.1. A basis of Pic(X (@)) is given by (Mi)icma(Qu)-

Proof. The variety X (w) has been defined via a tower of locally trivial fibration with
fibers being cominuscule Schubert varieties. These Schubert varieties have a Picard group
isomorphic to Z. The M; correspond to the generators of them. O

A dual basis for curves can be given as follows.
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8 Relative Mori Theory of Cominuscule Schubert Varieties
Lemma 8.2. A basis of Ay(X(@)) dual to (Mi)iemes(Qu) 18 given by (T«(Yi))iema(Qu)-

Proof. 1t suffices to show the duality. We have the equalities

T ([Vi]) - M; = 7 ([Y3] - T M)
= T ([Yi] - £;).

Indeed, the corresponding result on the Bott-Samelson variety concludes the lemma. [

Proposition 8.3. A basis of the cone of effective curves of the variety X(@) 1s given by
(Tx(Yi))iems (Qu)- A basis of the closure of the ample cone is given by (Mi)icmq(Qu)-

Proof. On the one hand, the embedding X (@) — [icms@u) G/P% is induced by
(X)iEm@(Qw) M;. Therefore, the cone generated by the M; is contained in the closure of
the ample cone.

On the other hand, let A be any ample divisor on X (). Then we have a; := A-7,[Vj] > 0
for all i € mg(Qu). The divisor A — a;M; is numerically trivial. Therefore,
A is in the cone generated by the M;.

i€mg(Qu)

Duality gives the result on curves. O

8.1 The C,-Case

Let G be a semisimple linear algebraic group with root system of type C,. By P we denote
the maximal parabolic subgroup corresponding to the unique longest simple root a,,. In
this whole section W = (wq,...,ws) is a generalized reduced expression of construction
1. The goal is to prove that the relative minimal models of a Schubert variety Xp(w)
are exactly given by the varieties X (w), where W is obtained by construction 3. In order
to do this we will first give more explicit formulas for the involved sheaves and second
do the needed computations.

Proposition 8.4. Let i € mg(Quw). Then we have the equality

> kepg@w) 2Dk 22 veps@w Dr 5 if Bi = an
;= ktZVﬁk#a" k=i,Br=an
M; = N ‘
Zkep@(Qw) Dy, , otherwise.
k=i

Proof. Due to X(@) being normal we get the equality %*(’))}(@) = (’))?(@). The projection
formula yields m.L; = M;. We define the set A; := {k € pg(Quw) | k = i}. By
Proposition 7.13 the subquiver Q. (A4;) is cominuscule with unique minimal element i.
For any vertices j,k € Q,, with neither k£ % i nor k £ i the equality (v,v;) = 0 holds
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8 Relative Mori Theory of Cominuscule Schubert Varieties

by the propositions 6.2 and 6.21. Therefore, we can calculate M; using Proposition
4.36 by only looking at @, (A;). The result follows from Proposition 6.4 if 8; = «,, and
Proposition 6.23 otherwise. O

Because X (w) is defined via a tower of locally trivial fibration we get the following lemma.

Lemma 8.5. The variety A@}) is locally (Q-)factorial if and only if X pw; (w;) is locally
(Q-)factorial. In particular, X (W) is locally Q-factorial if W is obtained from construction
1.

We want to compute the canonical divisor of X (w). We need the following proposition
in order to do this.

Proposition 8.6. The morphism 7 : X (@) — )?(fu\) is rational.

Proof. In Section 7.1 we decomposed the map 7 into a sequence of maps m; that are
induced by Bott-Samelson resolutions on the fiber. The result follows because the Bott-
Samelson resolution is rational. O
Using Corollary 6.5 we get the following corollary.

Corollary 8.7. We have the equality

“2Kg = >, (W@+2Di+ Y 20 () +2)Ds
iePﬁ)(Qw)wBi:an iEpzﬁ(Qw)vﬁi#O‘n
Since every quiver @y, has a unique peak p;, we write h'(w;) := h/(p;). We can

give a description of K @) in terms of the M;. Recall that we have the function
fimg(Quw)\m(Quw) — mg(Qw) given by i — max{j € mg(Qw) | i > j}.

Corollary 8.8. We have the equality

—2K g = S (W(wi) = B (wpp))Mi+ Y 200 (wi) — B (wyp))) M,

i€mg,Bi=an iemg,BiFan

where h'(wy;)) = =2 if f(i) is not defined. In particular, X (@) is Q-Gorenstein.
Proof. This is just an induction on s = #mg(Qy). O

Notice, that the fact that X (@) is Q-Gorenstein was already known because it is locally
Q-factorial. This corollary enables us to prove the next proposition. We refer to [Mat02]
for definition of terminal singularities.

Proposition 8.9. The variety )?(ﬁ?) has at most terminal singularities.
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8 Relative Mori Theory of Cominuscule Schubert Varieties
Proof. For any i € Q,, we define

- {1 i B = an,

2 L if B # an.
We have the equality
_2%*[(55(@) = Z )\Z(h'(wz) — h/(w]c(l)»ﬁl
€My

Moreover, we can use the same argumentation as in Proposition 8.4 to get the equality

[ — {Zktz Ak LU B =ayp

Y i E , otherwise.

Therefore, we can compute

27" K g ) = Z Z Ak(W (ws) — B (wi(iy))éx

LEMG(Qy) kit

= ) D> MW (wi) +2)&.

iEma<Qw) k‘EQwi

Subtracting yields the equality
2Kz — T Kg@) = S W (wi) = 1 (k))&

iem@(Qzu) keQ“’i
We have the inequality h'(w;) —h'(k) > 0 with equality if and only if & € Q,,, is the peak
of Qu,. The proposition follows because & is contracted if and only if k ¢ pz(Qw). O

At this point we can compute some relative minimal models of Xp(w). Later we show
that they are indeed all relative minimal models in the same birational class as Xp(w).
Recall from [Mat02] that a projective variety Y with a morphism ¢ : Y — Xp(w)
is called a relative minimal model of Xp(w) if Y is normal with only Q-factorial and
terminal singularities and the canonical divisor Ky is ¢-nef, i.e. [Ky]-[C] > 0 for all
curves C' C'Y contracted by ¢.

Theorem 8.10. If w is obtained from construction 3, then )A((@) is a relative minimal

model of Xp(w).

Proof. The only condition which is left to prove is that K¢ (@) is w-nef. Using Proposition

8.3 we only need to deal with the case C' = 7,[Y;] for some i € mg(Qy). We have the
equality
~ h/<w i ) - h’/(w’b) ) if /81 = Qn
[Kga) - Feltil =4 /0 , .
2(W (wyy) — b (wi))  if By # am.

This is greater or equal to zero for all i € mg(Quw)\m(Qw), where 7, [Y;] is contracted. [
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8 Relative Mori Theory of Cominuscule Schubert Varieties

We have proven that the cone of effective curves modulo numerical equivalence NE(X (w))
is generated by (T«[Yi])iem,(Q.)- Recall that the cone theorem ([Mat02] Theorem 7-2-1)
says

NE(X(@)) = {2 € NE(X(@)) | Kgg) -2 20} + > _Ri,

where the R; are discrete in

{z e NE(X(®)) | Kgg) -2 <0}

and R; = R [l] for some curve [ C X (@). The R, are called extremal rays. Replacing
@) by K¢ @ T eD for any effective Q-Cartier divisor D and 0 < € << 1 gives the

deﬁmtlon of (K¢ @) T eD)-extremal rays. Our next step is to compute these rays.

Lemma 8.11. Let D be any effective divisor of )?(A) that is Q-Cartier. Then the
)—I—eD) extremal rays are generated by the classes T, [Y;] for j € mg(Qy) such that

7 T eD) - 7.[Y;] <0.

Proof. Let [C] = > e, (. @iT«[Yi] be any effective divisor. We denote by p; (resp.
Vg, wy) the T.[Y;] such that (K)A((@) +eD) - . [Y;] < 0 (resp. (K)A((@) +eD) - m.[Y;] > 0,
(K)?(@) +€eD) - m,[Y;] = 0). For all j, k we have positive coeflicients x; 1, y; 1 such that
(K}?@) +eD) - (z;kpj + y;kvk) = 0. Assume that (K}?@) +e€D)-[C] < 0 holds. It is not
hard to see that [C] has to be a linear combination with positive coefficients of the classes
(1), (25 ke +yjkeve) and (wy). Therefore, the classes (p;) are the (K)?(@) +eD)—extremaD1
rays.

The next step is to compute all the relative flops of the minimal models computed in
Theorem 8.10 (see again [Mat02] for a definition). Let (pi1,...,ps) be a kind of neat
ordering of p'(Q,,). Assume that the generalized decomposition @ is obtained from this
ordering via construction 3. For any i € [1,s — 1] with 3,, # an_1 or By, # an we
define g, = py for k € [1,s]\{i,¢ + 1}, ¢; = pi+1 and g1 = p;. Let @' = (wf,...,wh)
be the generalized reduced decomposition obtained from construction 1 via the ordering

(q1s---,4s)- A third decomposition @w” = (wf,...,w”_;) shall be given by wk = wy, for
kell,i—1], w! = wywit1 and w] = wyyq for k € [z+1 s—1]. That means w"” is obtained

by the partition (Ag)gep,s—1) of the peaks of Q. given by Ay = {px} for k € [1,i — 1],
A; ={i,i+1} and Ay = {k+ 1} for k € [i + 1,5 — 1]. We have morphisms

0: X(@) = X(@"), ¢ : X(@) — X(@")
induced by multiplication. For the definition of flops see again [Mat02].

Proposition 8.12. There are elements ki € m(Qu,), ki € m(Quy), kit1 € m(Quyy,)
and ki1 € m(Qyy ) Moreover, let D := D and D' := ]jih

Pi+1

(i) If ki # kiv1 (i.e. f(i)#i+41), then ¢ and ¢ are isomorphisms.
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8 Relative Mori Theory of Cominuscule Schubert Varieties

i) If ki = kiv1 (ie. f(i) =i+1) and Ko, - T|Ys,| = 0, then ¢ (resp. ') is the
X (W) i
contraction corresponding to the (K)A((@) + eD)-extremal ray Ry7.[Yy,] (resp. the
(K)?(@') + eD')-extremal ray Ry 7, [Yy]). Moreover, (¢',D') is the relative flop of
(¢, D

Proof. The hypothesis of the first statement yields the hypothesis of Lemma 7.6. There-
fore, p and ¢’ are isomorphisms.

In the second case, we know that X (@) and X(@’) are normal, projective varieties
with only Q-factorial and terminal singularities. Moreover, the morphisms ¢ and ¢’
are birational onto the normal, projective variety Xp(w).

Descending induction on the ordering of m@(Qw)A together with Proposition 8.4 yields
T« [Yy,] - Dp, > 0, T [Yy,] - D < 0 and 7, [Yy,] - Dp, = 0 for all k € mg(Quw)\{k:i} with

Pit1
k >~ kit1. Therefore, 7,[Yy,] is extremal for K@) €D

)
The group of Weil divisors of X (@) and X (@) has a basis indexed by p'(Q.). Because
Bp; 7 Qp—1 O By, 7 o, that is also the case for X (@"). Thus no divisors are contracted
by ¢ or ¢’ and both morphisms are Mori-small. By our description of the Picard group
in Lemma 8.1 the relative Picard numbers are p(X (0)/X (@")) = p(X (@")/ X (@0")) = 1.

By assumption we have the equality K - - T«[Ys,] = 0. Therefore, K (@) is p-trivial.

X(w)
That also implies the equality h'(w;) = h'(w;41), which shows K an -7 [Yg] = 0. Thus
K @) is ¢/-trivial. We already showed D - 7, [Y,] < 0, which means —D is p-ample.

We have the following commutative diagram.

X (@) —— X ()
Pl
(@) 2 (@)
Thus, the strict transform of D is given by 7, 7*D. We have the equality 7*D =&, , + F
for some divisor £ contracted by ¢. Moreover, the equality 7 (§,,,, + E) = D’ holds.

Therefore, D’ is the strict transform of D. Similarly as before we get D’ - 7, [Yi] > 0.
That means D’ is ¢'-ample. O

Corollary 8.13. (i) The varieties )/(:(’L/U\) obtained from construction 3 are linked by
flops.

(ii) Any variety obtained from a construction 3 variety )A((ﬁ?) via any flop is again of
construction 3.

Proof. The first part follows because the flops described in the last proposition link
those varieties. All varieties from construction 3 are relative minimal models. Therefore,
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8 Relative Mori Theory of Cominuscule Schubert Varieties

the only possibility to get a flop is the contraction of a curve 7, [Y]] for j € mgz(Quw)
with K @) 7.[Y;] = 0. We handled all those contractions in the previous proposition
except for one. That is the map ¢ almost as above, but with the property 8, = ap—1
and Bp,,, = an. However, that contraction is not small because the divisor D), , is
contracted. O

Now we are able to prove the main result of this section.

Theorem 8.14. The relative minimal models of Xp(w) birational to Xp(w) are eractly
the varieties X (w) obtained from construction 3.

Proof. We already showed that these varieties are relative minimal models birational to
Xp(w). The last two results show that the conjectures existence and termination of flops
(see [Mat02]) hold for these minimal models. We want to use Theorem 12-1-8 in [Mat02]
to get the result. That theorem requires existence and termination of flops to hold in
general. However, everything used in the proof has already been proven by us in the
situation of Xp(w). O

8.2 The B,-Case |

The next goal is to obtain the results of the last section in the Bj-case. We will do
this separately for two sets of Schubert varieties. Let G be a semisimple linear algebraic
group with root system B,. By P we denote the maximal parabolic subgroup of G
corresponding the simple root a; (see [Bou68] for notation). Let w be a cominuscule
element of the Weyl group of G with w # s4,, - - Sq,- Let p be the unique peak of Q.
We will show that Xp(w) itself is the only relative minimal model of X p(w) birational
to Xp (w)

Proposition 8.15. The variety Xp(w) has only terminal singularities.

Proof. By our assumption on w we get 3, # o,. By Proposition 6.19 we have the equality

K _ ) hp)Dy ,if 3t € Qu with By = a, and p = ¢t
e = (h(p) +1)D, , otherwise.

As always 7 : X (@) — Xp(w) is the Bott-Samelson resolution. Because Bp # ap, the
divisor D), is the ample generator of the Picard group of Xp(w) (for 5, = a, it is 2Dp).
Therefore, we can use Proposition 6.15 to get the equality

Dy = D LG+ Y, 2%

1€Quw,BiFan 1€Qu,Bi=an
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8 Relative Mori Theory of Cominuscule Schubert Varieties

Together with the description of K (@) in Corollary 6.16 we get

2(h(p) — h(t)& + 2o (h(p) — h(2))&;

K)?(@)_W*KXP(UJ) =9+ 22 (h(p) = h(i) — 1)& ,if 3t € Qu with By = ap
ZieQw(h(p) — h(i))& , otherwise.

The coefficients of the & are all positive except for &, which is not contracted by .

Therefore, Xp(w) has only terminal singularities. O

We get the main result of this section.

Theorem 8.16. The variety Xp(w) is the unique relative minimal model of Xp(w)
which is birational to Xp(w).

Proof. The variety Xp(w) is locally Q-factorial (see Corollary 6.18) and has terminal
singularities. Therefore, Xp(w) is a relative minimal model of itself.

The identity obviously contracts no curves. Therefore, there are no flops. That means
existence and termination of flops hold trivially for Xp(w). As in the C,-case we use
Theorem 12-1-8 in [Mat02] to conclude the proof. O

8.3 The B,-Case Il

In this section we deal with the remaining cominuscule case. Let G be a semisimple
linear algebraic group with root system B,. By P we denote the maximal parabolic
subgroup corresponding to the simple root a1. Let w be the element of the Weyl group
given by Sq,, - - 8q,. Proposition 6.1 shows that w is cominuscule. In contrast to the rest
of the B,-case we will need to cut the quiver in order to get a relative minimal model.
However, there will still be only a unique relative minimal model of X p(w) birational to
Xp(w). By w we denote the cominuscule good reduced generalized decomposition given
by (SansSan_1 ** Say)- To keep notation of previous chapters we set §; = ay—;+1 for all

€ [1,n]. Thenw = sg, - - - sg, holds. With this notation the equalities mg(Q.) = {1,n}
and pg(Qw) = {1,2} hold.

Proposition 8.17. We have the equalities

n

Ly=> &+26, L1=4&,
i=2

M, = EQ + 2ﬁ1, M= .51.

Proof. The first two equalities are consequences of Proposition 4.36. The second two
equalities are consequences of the first two. ]
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8 Relative Mori Theory of Cominuscule Schubert Varieties

To compute the canonical divisor of X (w) we need the following proposition.

Proposition 8.18. The morphism 7 : X(@0) — X (@) is rational. In particular, there is

an isomorphism K)?(@) = %*K)?(QZ)‘

Proof. As in Proposition 8.6. O

As a corollary we compute K @)
Corollary 8.19. We have the equalities

—Kg = nﬁz + 271151 =nM,.

X(w)

In particular, the variety )?(@) is Gorenstein.

Proof. This follows using the last proposition and Corollary 6.16. 0

Proposition 8.20. The variety K)A((@) has only terminal singularities.

Proof. Using Corollary 6.16 we get

n

Kz — ™ Kz@) = Z;(i —2)&.

The proposition follows because i — 2 > 0 for all i € [3,n]. O

At this point we can prove the main theorem of this section.

Theorem 8.21. The variety X (@) with © = (Sans San_1 - - Say) i the unique relative
minimal model of Xp(w) birational to Xp(w).

Proof. We already know that X (w) is locally factorial with only terminal singularities.
Moreover, K¢ 5 is 7-nef because K @) -7«[Y1] = 0. Therefore, X (w) is indeed a relative
minimal model of Xp(w).

Contracting the curve m,[Y;] is done via 7. But that morphism is not small because
the divisor 1/52 is contracted. Thus, this map doesn’t give a flop. There are no other
possibilities for a potential flop which means we have proven existence and termination
of flops for X (@). As before we use Theorem 12-1-8 in [Mat02] to conclude the proof. [
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9 |H-Small Resolutions of Cominuscule
Schubert Varieties

In this chapter we classify all TH-small resolutions of cominuscule Schubert varieties in
the B, and C),-case. The corresponding results in the minuscule case are to be found in
[Per07]. The proofs work the same way in the cominuscule case.

Definition 9.1. A projective birational morphism of varieties 7 : Y — X is called
[H-small (resp. [H-semismall) if for all k£ > 0 the following inequality holds.

codimy{z € X | dim7!(z) = k} > 2k (resp. > 2k)

In addition, if Y is smooth, then 7 is called an TH-small (resp. IH-semismall) resolution.

There is the following result on IH-small resolutions due to Totaro.

Proposition 9.2 ([Tot00], Proposition 8.3). Let 7 : Y — X be an IH-small resolution.
Then Y is a relative minimal model of X.

As a first step towards classifying all IH-small resolution we need to check which relative
minimal models are smooth. In order to do this we need to know which cominuscule
Schubert varieties are smooth. The following result is due to [BP99].

Proposition 9.3. A cominuscule Schubert variety Xp(w) is smooth if and only if it is
homogeneous under its stabilizer.

Corollary 9.4. A cominuscule Schubert variety Xp(w) is smooth if and only if Q. has
no non virtual hole. In particular, a cominuscule Schubert variety Xp(w) in the Cy,-case

is smooth if and only if f(p(Qw)) = {an}-
Proof. This follows from the equality ¥(P,) = S(Holes(Quw)). O

For any element w € W we denote the class of w in Xpw(w) as e,. In the case of a
Schubert variety we can reformulate the definition of IH-smallness as follows.

Lemma 9.5. Let w be a good reduced generalized decomposition of some element w € W.
Let P be the parabolic subgroup PY. Then 7 : X (%) — Xp(w) is IH-small (resp. IH-
semismall) if and only if the following inequality holds for all w' < w with P, C P, and
dim 7 (e, ) # 0.

codimy () Xp(w') > 2dim 7 (ey) (resp. >)
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9 IH-Small Resolutions of Cominuscule Schubert Varieties

Proof. Because w is good the morphism 7 is P,-equivariant. Therefore, the set
codimy ,({r € X | dim7 ! (x) = k}

is Py-stable for all K > 0. Thus, the irreducible components of it’s closure are Schubert
varieties Xp(v) with P, C P,. O

Let us recall the inductive definition of X (w) for some cominuscule good reduced gen-
eralized decomposition W = (u,ws, ..., ws1). Let v = wy---wsyq1. The first step can
be given by the map p : QuH x" Xp(v) — Xp(w), where P = P¥, Q = P,, and
S(H) = %(P,) U (S(Py) N Supp(w)¢). By induction there is a map 7 : X (0) — Xp(v),
which is P,-equivariant. Putting this together gives the map 7 : WXHX(U) — Xp(w).

Let w' < w with P, C P,. We denote the Q-orbit of e,y by U(w’). We want to
calculate fz, = dim7 '(e,). Since 7 is Q-equivariant, all the fibers of points in
U(w') are isomorphic and the equality fz,, = dim7 ' (U(w')) — dimU(w’) holds. We
define the set S(w’, w) by

Sw',w)={v' € W/Wp | v <v, QXp(uw') = Xp(w'), HXp(v') = Xp(v')}.
Lemma 9.6. Assume that Xg(u) is smooth.

(i) We have the equality

p LU W)) = U QuH x He,.
v’ eS(w! w)
(1) The equality
AlUW) = | QuHx"a'"(Hey)
v’ eS(w! w)

holds.

(111) In particular, there is an element v' € S(w',w) such that

fﬁ,w’ = #Qu + fw’,v’ + #Qv’ - #Qw’
= #Qu + fw’,v’ - COdimXp(w’) (XP<U/>)'

Proof. The second part follows directly from the first one, while the third statement is a
direct consequence of the second one. Therefore, we are left to prove (i).

Let v" € S(w',w). Since Xy (u) is smooth, the quiver @, has no holes. Thus, a repre-
sentative of u is in (). Moreover, the inclusion H C @ holds. Therefore, we have the
equality

p(QuH x He,) = QuHe, = QuHu ‘e, = Uw').

That implies the inclusion QuH x He, C p~1(U(w")).
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Let (z,9) € QuH x* Xp(v) such that p(x,y) € U(w'). We have the two equalities

W = Qa XP(U) = U He,.

v'<v, HXp((v')=Xp(v')

Therefore, z € Q and y = he, for some h € H and v/ < v with HXp(v') = Xp(v'). Since
p(x,y) € U(w') there is an element ¢ € Q such that e,s = qrhe, = qgrhu e,y € Qe
Therefore, we get the equality QXp(uv') = Xp(w'). Thus, we have v’ € S(vw',w). O

9.1 The C,-Case

The goal of this section is to prove the following theorem.

Theorem 9.7. Let G be a semisimple linear algebraic group with root system C,. By
P we denote the mazimal parabolic subgroup of G defined via X(P) = {an}. Then
the TH-small resolutions of a cominuscule Schubert variety Xp(w) are exactly given by
X (@) — Xp(w), where @ is obtained from construction 2 via an ordering (py, ..., psr1)

of p(Quw) with By, = an.

If the equality p'(Quw) # p(Qw) holds, then there is no ordering of construction 2. There-
fore, we have can assume p(Q) = p'(Qu) throughout the whole section. We already
know that all [H-small resolutions are relative minimal models. Therefore, only resolu-
tions X (@) — X p(w) coming from construction 3 need to be checked. The first step will
be to determine, which of those are smooth.

Proposition 9.8. Let w be a generalized decomposition obtained from construction 1.
Then X (w) is smooth if and only if W is obtained from an ordering (p1,...,ps+1) of

P'(Qu) such that By, ., = au.

Proof. 1t B, ., # an, then Q. has a peak different from a,,. Moreover, we have 3, = o,
where m is the minimal vertex in Q.. ,. By Corollary 9.4 the variety Xp(w,11) is not
smooth. Thus, X (@) is not smooth.

If we have the equality 8,11 = ay, then Q,,,, has no non virtual hole. Indeed, the
only non virtual hole could be a vertex j € Qu,,, with 8; = a,. Therefore, the variety
Xp(wst1) is smooth. All the other quivers @, for ¢ € [1, s] give Schubert varieties in
type An. Any quiver of a cominuscule Schubert variety in the A,-case with a unique
peak has no non-virtual holes. The lemma, follows. ]

The next step is to analyze the set S(w’, w) as defined in the previous chapter for v’ < w
with P, C P,.

Remark 9.9. (i) The condition HXp(v') = Xp(v') is equivalent to H C P,. That
is equivalent to 5(Holes(Q,/)) € B(Holes(Qy))-
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(ii) Let i be a hole of Q, with the property 8; ¢ supp(u). That means no representative
of sp, is in Q. Therefore, the equality QXp(uv') = Xp(w') implies i € Q..

We will use the following strategy to prove that the resolutions X (@) — Xp(w), where @
is obtained from construction 2 via an ordering (p1,. .., ps+1) of p(Qw) with 3, ., = o,
are small. The goal is to show the inequality codimy, () (Xp(w')) > 2fz . for all
w’ < w such that Xp(w') is stable under P,. We will introduce two functions I and ¢
such that codimy, ) (Xp(w')) = I'(w’,w) + q(w’,w). Moreover, the function ¢ fulfills
q(w',w) > 0 with equality if and only if w = w’. We will prove the stronger statement
I'(w',w) > 2fz 4 by induction on #p(Q). Using Lemma 9.6, we get the equality

f%,w' = #Qu + fﬂ",v’ - COdimXp(w’) (XP(U,))'

Let 8 € W be defined by P,Xp(v') = Xp(f). Because 7’ is P,-stable, we have the
equality fr . = fr . By induction the inequality I'(6,v) > 2f/ g holds. Therefore, we
will be done by proving the following inequality.

D(w,w) — T(6,0) > 2(4#Qu — codimx, ) (Xp(t))) (9.1

The functions I" and ¢

Let p1,...,ps+1 be the peaks of Q, and oy, = S, for i € [1,s + 1]. Without loss of
generality we may assume k1 < ... < ksy1. Moreover, let t; be the hole between p; and
pi+1 for all ¢ € [1, s]. We define the following sequences of integers.

ai(w) := h(pi) — h(t;), i € [1,]
bz(w) = h(pi_H) — h(ti), 1€ [1, 8}

boliw) = 5 ((pss1) 1) = 3 bifuw)
=1

For any 7 € [1, s] we define the depth of the hole ¢; in w’ as

G = #{,7 € Qw\Qw’ ’ ﬁj = Btl}

Additionally, we set ¢g = 0 and cs41 = ¢s.
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b1 b2 Ds Ps+1

bo a1 \t1,/ b1 as \ls, bs
Cs+1
C1 w Cs

The sequences a; and b; for w’ are given as follows.

ai(w') = a;(w) +¢; — ci—1, i € [1, ]
bi(w') = bz(w) +ci—cit1, 1€ [0, S]

Since @,y can have less holes than @,,, we slightly abuse notation here. However, in that
case we have just some additional zeros. The functions I' and ¢ are given by
> 1
F(w’7w) = Zci(ai +b;) + 565,
=1
S

q(w',w) = %Z(Cl — 1)

=1

Lemma 9.10. The equality codimx ., (Xp(w')) = T'(w', w)+q(w', w) holds. Moreover,
we have q(w’,w) > 0 with equality if and only if w = w'.

Proof. Without much difficulty we get the equality

s s s—1
1
. 2
COdlmXP(w)(XP(w/)) = El cila; +b;) + El c; — El CiCit1 — ics(cs —1).

The lemma follows. O
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Proof of Theorem 9.7

Let py be the peak of @, for some k € [1,s + 1]. We need to deal with two cases. One
case is given by k < s and the other case is k = s. We proof both cases simultaneously

because they don’t differ very much.

as bsfl

The quiver @, has one peak and one hole less than @,,. The values a;(v) and b;(v) are

given as follows.

a;(w) yifie[l,k—2]
a;(v) = S ap(w) +ap_1(w) ,ifi=k—1andi>0
ai+1(w) Jifi e[k, s —1]
bi(w) Jif i€ [0,k — 2]
bi(v) = < bp(w) + b1 (w) ,ifi=k—1
bi+1(w) yifie [k, s —1]

Recall that any hole ¢ of w’ with ; ¢ Supp(u) is in v'. Moreover, v" may have an addi-
tional hole corresponding to the hole of v that is not in w. We define = := aj41(v") and

Y= bk_l(’l}/).
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N /N Z
N Z
N N g
Y N\
Y

— — — —
w w
/ /
v v

Because v’ < v, we have x € [0,¢;] and y € [0, cx—1]. Due to the fact that the only hole
of Qs which is not a hole of @, corresponds to the same root as the minimal element
of u, we get the equality cx_1 —y = ¢ — .

In order to prove the inequality (9.1) we need to describe the values a;, b; and ¢; for 6.
Recall that 6 was defined by P,Xp(v') = Xp(6).

PaN /
PA AN /
AN 7/
AN /
N\ /
N\ V7
N\ VZ
N\
---4 ---0
v’ v

We define the depth ¢ of 6 in v in the same way as the depth ¢; of w’ in w. We have the
equality

c; ,iE[l,kZ—2]
=S cr1—y=c—x ,i=k—1
Cit+1 , 1€ [k:,s—l].

Moreover, the equality ¢, = ¢,_; holds. In the case k < s this means ¢, = cs41, while
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in the case k = s we have ¢, = ¢s — y = cs11 — x. Without much difficulty, we get the
equalities

#Qu — codimy ) (Xp(v) = ag(w
= ag(w

bp—1(w) = (br—1(w') — y)(ar(w') — )
br—1(w) — (bp—1(w) — z)(ar(w) — y)
= zag(w) + ybg_1(w) — xy.

The right hand side of equation (9.1) is given by

s s—1
[(w,w)—T(0,v) = Z ci(ai(w) + bi(w)) + %Cs - ch(ai(v) +bi(v)) — %c’s_l
i=1 1=1
b 11
= Y cilai(w) + bi(w)) = g (ar-1(v) + b1 (v)) + €~ %1
i=k—1
= z(ag(w) + br(w)) + y(ag—1(w) + bp—1(w)) + %CS - %C{H.

The fact that @ is obtained by construction 2 implies the inequalities ax(w) < by (w) and
br—1(w) < ag_1(w). Moreover, we have

1 , 0 Sifk<s
5(68—0371): 1 .
3¢ ,itk=s.

We can conclude one direction of the proof with the inequality

w(ap(w) + bp(w)) + y(ag—1(w) + bp-1(w)) + %(Cs = c1) = 2(zap(w) + ybp—1(w) — y).

We are left to prove, that the other smooth minimal models are not IH-small. This is a
special case of the following lemma.

Lemma 9.11. If @ is of construction 1 but not of construction 2, then X (@) — Xp(w)
s not small.

Proof. We proof the lemma in two cases.

(i) Assume a;,—1 € p(Qu). Let ¢ € p'(Qy) with 5, = ay,. Then the image 7(Z,) is a
divisor in X (@). The image n(Z,) is some Schubert variety Xp(w’) of codimension 2 in
Xp(w). The fact that 771 (Xp(w')) contains 7(Z,) implies the inequality fz, > 1. We
can conclude in this case via

COdimXp(w) (Xp(w/)) =2<2fz .

(ii) In the second case we assume a,—1 ¢ p(Qw). Since W is not of construction 2, we can
find peaks p, q € p(Qy) such that ¢ = f(p) and h(q) < h(p). Let i € Qy be the maximal
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vertex smaller than p and gq.

The inequality h(q) —h(i) < h(p) —h(i) holds. Moreover, the divisor 7(Z;) is of codimen-
sion h(q)—h(i)+1in X (@). The image 7(Z;) is a Schubert variety X p(w') of codimension
h(q) — h(i) + h(p) — k(i) + 1 in Xp(w). Since 7~} (Xp(w')) contains 7(Z;) we get the
inequality fz . > h(p) — h(i). We can conclude the proof because the inequality

codimy , () (Xp(w')) = h(q) — h(i) + h(p) — h(i) + 1
< 2(h(p) — h(i))
< 2f§r\,w’

holds. O

9.2 The B,-Case

Due to the results of the sections 8.2 and 8.3 the B,,-case is way easier than the C),-case.
We get the following theorem.

Theorem 9.12. Let G be a semisimple linear algebraic group with root system By,. By P
we denote the mazimal parabolic subgroup of G defined via X(P) = {a1}. A cominuscule
Schubert variety X p(w) admits a small resolution if and only if it is already smooth itself.
Moreover, in that case the only small resolution is given by the identity Xp(w) — Xp(w).

Proof. Obviously, the identity is always a small map. That already proves one direction.
Assume that Xp(w) is not smooth. We need to check that no minimal model is smooth
and yields a small resolution at the same time.

Assume w # Sq,, - - - Say- By Theorem 8.16 the variety X p(w) is the only relative minimal
of model Xp(w) birational to Xp(w). Therefore, we can conclude the proof in this case
by Proposition 9.2.

We are left to deal with the case w = sq,, - 84,. By Theorem 8.21 the variety )?(ﬁ)\)
with @ = (sa,,, Sa,_ *** Say) 18 the unique relative minimal model of Xp(w) birational
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to Xp(w). Let w' =v' =54, _,*Sq,. Using Lemma 9.6 yields the equality
Jaw = #Qu + frr o — codimy () (Xp(v')) = 1.
Therefore, the equality
codimy p, () (Xp(w')) = 2 = 2z

shows that X (@) — Xp(w) is not small.
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We are going to examine several directions in which the results might be generalized.
Assume that G is any Kac-Moody group and let A be a dominant weight. Moreover, we
define the parabolic subgroup P C G by X(P) ={a € S | (a¥,A) # 0}. We say that an
element w of W is A-minuscule if there exists a reduced decomposition w = sg, --- 53,
such that (3, sp, - sp.(A)) = —1 for all ¢ € [2,r + 1] (compare with Lemma 5.4).
A natural step would be to classify small resolutions of A-minuscule Schubert varieties.
There are even A-minuscule Schubert varieties over semisimple linear algebraic groups
that are not minuscule.

Example 10.1. The following quivers corresponds to a A-minuscule Schubert variety in
the Fg-case. This cut of the quiver yields a small resolution.

o

S
O/
o . - O/

N
N

O—O—(L—O—O—O—O

The case by case study used by Perrin in [Per07] to show smallness is however not suitable
here. There are far too much cases to check.

Similar to the definition of cominuscule elements we can define A-cominuscule elements
and try to extend the results of this thesis to the class of A-cominuscule Schubert varieties.
In this thesis there was more case by case study used as in [Per07|. Thus, there is an even
bigger need for more general arguments. Having small resolutions of A-(co)minuscule
Schubert varieties it is likely that one can mimic the calculation of Kazdhan-Lusztig
polynomials in [Zel83] and [SV95.

Another natural goal is to extend the results to non-(co)minuscule Schubert varieties.
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There occur several problems. An advantage in the (co)minuscule case was the fact that
elements had an unique reduced expression up to commuting relations. Indeed, we will
get several quivers in the general case. To get a complete list of small resolutions one
is probably forced to look at all the quivers. Moreover, we had a very nice description
of the quivers due to Lemma 5.5. Getting a general description of the quivers is not an
easy problem. Understanding the Bruhat order is also more complicated in the general
case.

A completely different direction could be to generalize the result to other fields. While
we computed small resolutions for any algebraically closed field, the complete classifica-
tion was only proven over C. One of the main issues in making Mori theory viable in
characteristic p is the lack of cohomology vanishing results and the fact that resolution
of singularities has not been proven in positive characteristic. However, Schubert vari-
eties can always be desingularized by the Bott-Samelson resolution. The fact, that any
Schubert variety is Frobenius split (see [BK05]) gives many vanishing results. Not only
from the perspective of this thesis, but also from the general desire for a Mori theory
in characteristic p, it might be worthwhile to investigate, whether parts of the program
work under the assumptions of Frobenius splitting and resolution of singularities.
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